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Abstract

We proposea model in which assetswith identical cash°ows can trade at di®erer prices.
Agents enter into an in nite-horizon, steady-state market to establish long or short positions.
Both the spot and the asset-lendingmarket operate through seard. Short-sellerscan endoge-
nously concerrate in oneassetbecauseof seard externalities and the constraint that they must
deliver the assetthey borrowed. As a result, that assetenjoys both greater liquidit y, measured
by seard times, and a higher lending fee (\sp ecialness"). Liquidit y and specialnesstranslate
into price premia that are consistert with no-arbitrage. We derive closed-form solutions for

small frictions, and can generateprice di®eretials in line with obsened on-the-run premia.
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1 Intro duction

In "xed-income markets somebonds trade at lower yields than others with almost identical cash
°ows. In the US, for example, just-issued (\on-the-run") Treasury bondstrade at lower yields than
previously issued (\o®-the-run") bonds maturing on nearby dates. Warga [1992] reports that an
on-the-run portfolio returns on average55bp below an o®-the-run portfolio with matched duration.
Similar phenomenaexist in other countries. In Japan, for example, one\b enchmark” government

bond trades at a yield of 60bp below other bonds with comparable characteristics.

How can the yields of bonds with almost identical cash °ows di®er by more than 50bp? Fi-
nancial economistshave suggestedtwo apparertly distinct hypotheses. First, on-the-run bonds
are more valuable becausethey are signi cantly more liquid than their o®-the-run courterparts.
Second, on-the-run bonds constitute better collateral for borrowing money in the repo market.
Namely, loans collateralized by on-the-run bonds o®erlower interest rates than their o®-the-run
courterparts, a phenomenonreferredto as\sp ecialness.? Thesehypotheseshowever, can provide
only a partial explanation of the on-the-run phenomenon: one must still explain why assetswith
almost identical cash°ows can di®erin liquidit y and specialness.

In this paper we propose a theory of the on-the-run phenomenon. We take the view that
liquidit y and specialnessare not independert explanationsof this phenomenon,but canbe explained
simultaneously by short-selling activity. We determine liquidit y and specialnessendogenously
explain why they can di®er across otherwise identical assets,and study their e®ecton prices.
A calibration of our model for plausible parameter values can generate e®ectsof the obsened

magnitude.

Our theory is basedon the notion that trade in government-bond markets is bilateral and
can involve seard. The assumption of bilateral trade captures the over-the-courter structure of
thesemarkets: transactions betweendealersand their customersare negotiated over the phone, and

dealersoften negotiate bilaterally in the inter-dealer market.3 The assumptionof seardh might seem

YFor US evidence, seealso Amihud and Mendelson [1991], Krishnamurthy [2002], Goldreich, Hanke and Nath
[2002], and Strebulaev [2002]. For Japan, see Mason [1987], Boudoukh and Whitelaw [1991], and Boudoukh and
Whitelaw [1993].

20n liquidit y, Sundaresan[2002] reports that trading volume of on-the-run bonds is about ten times larger than
that of o®-the-run bonds, and Fleming [2002] reports that bid-ask spreads of o®-the-run bills are about v e times
larger than when these bills are on-the-run. Specialnessis measured by comparing a bond's repo rate, which is the
interest rate on a loan colateralized by the bond, to the general collateral rate, which is the highest quoted repo rate.
Dute [1996]reports an average specialnessof 66bp for on-the-run bonds and 26bp for their o®-the-run counterparts.

3In the US, inter-dealer trading is conducted through brokers. Some brokers operate automated trading systems,
structured as electronic limit-order books. Other brokers, however, operate voice-basedsystemsin which orders are
negotiated over the phone. Barclay, Hendershott and Kotz [2004] report that automated systemsaccourt for about
85% of trading volume for on-the-run bonds, but the situation is reversed for o®-the-run bonds. To explain this



guestionable given that governmert bonds are among the most liquid assets. On-the-run bonds
are indeed very liquid, with many transactions being executed almost instantly. Transactionsin
o®-the-run bonds, howewer, can take signi cantly more time. In particular, it can be dizcult to
locate a large quartit y of a speci ¢ o®-the-run issue. Thus, while an investor needingto buy the
issuecan easily cortact a dealer, the dealer might not have the issuein inventory and could take
time to locate it. Another illustration of seard frictions is the phenomenonof \fails," whereby
traders do not deliver a bond they have sold or borrowed by the time they must settle. One source

of fails is the di+cult y to locate the bond.*

We consider an in nite-horizon, steady-state econony with two risky assetspaying the same
cash°ow. Trade occurs becauseagens experience hedging needsto hold long or short positions.
Upon experiencing a needto hold a long position, an agert enters the market seekingto buy one
of the assets. He then holds the assetuntil the hedging need disappears, and then seeksto sell.
During the time he is holding the asset,he canlend it to a short-seller for a fee. This corresponds
to a repo transaction in our model, and the feeto repo specialness> Conversely upon experiencing
a needto hold a short position, an agert enters the market seekingto borrow one of the assets.She
then seeksto sellthe asset,and when the hedging needdisappears, sheseeksto buy the sameasset
badk and return it to the lender. Both the spot and the repo market operate through seard and
bilateral bargaining. For simplicity, we abstract away from dealersand adopt the standard seart

framework (e.g., Diamond [1982]) where ageris seart for courterparties directly.®

Our model has multiple equilibria: a symmetric one where short-sellersborrow both assets,
and asymmetric oneswhere they concerirate in one asset, declining any opportunities to borrow
the other. This is becauseof seard externalities. The more agerts short an asset,the greater the
asset'sseller pool becomes.The asset'sbuyer pool also increasesbecauseof the short-sellerswho
needto buy the assetbad. A larger buyer and seller pool implies lower seard times, and the
enhancedliquidit y attracts more short-sellers. Thus, our theory can explain di®erencesn liquidit y
between otherwise identical assets,consistert with the on-the-run phenomenon.

While the general notion of seard externalities is well-understood, its application to the on-
the-run phenomenonis subtle. Absert the short-sellers,there would be no di®erencesn liquidit y.

phenomenon, they proposea seard-based model.

“Fleming and Garbade [2002] report that fails in the US market averaged $7.3 billion per day during the Trst
eight months of 2001. For comparison, the daily volume during that period was about $250 billion (Fleming [2003]).

>We describe repo transactions at the beginning of Section 4. Seealso Duxe [1996] and Fisher [2002], among
others, for more detailed descriptions.

0f course, the searc framework is only an idealization of price formation in actual bond markets - but sois the

Walrasian auction. We expand on this point and provide further arguments in support of the seard framework in
Section 4.1.



Indeed, assetswould have a common buyer pool, consisting of the agerts seekingto establishlong
positions. Therefore, they would be equally easyto sell. The samewould hold even with short-
sellers, if these were allowed to deliver any assetand not necessarilythe one they borrowed. The
delivery constraint e®ectiwely \lo cks" short-sellersinto buying one asset, thus generating asset-

speci ¢ buyer pools.”

In the asymmetric equilibria, assetsdi®er not only in liquidit y but alsoin specialness.Indeed,
becauseof the seard friction, assetlenders can extract some of the short-sellers' surplus. This
surplus is positive only for the more liquid assetbecauseit is the one that short-sellersare willing
to borrow. Therefore, only that assetcommandsa positive fee and henceis \on special." The
fee constitutes an additional cash °ow derived from the asset, raising its price by a specialness
premium. This premium is above and beyond the one assaiated to the asset'ssuperior liquidit y.
We shaw that the existenceof the two premia is consistert with no-arbitrage: agerns cannot pro t
by buying one assetand shorting the other.

While our theory can identify a liquidit y and a specialnesscomponert of the on-the-run pre-
mium, it also implies that this decomposition should be interpreted with caution. Indeed, since
short-sellersare attracted to the more liquid asset,the asset'sspecialnessis partly generatedfrom
liquidit y. Therefore, the specialnesspremium can be viewed as an additional liquidity premium.
In fact, our theory implies that liquidit y and specialnessare linked in an even more fundamenal
manner becausethey are both generatedby short-selling activit y.

A calibration of our model can generateprice e®ectsof the obsened magnitude even for very
short seard times. We show that the liquidity premium is small, and the e®ectsare mostly
generated by the specialnesspremium. Of course, this does not mean that liquidit y does not
matter; it rather meansthat liquidit y can have large e®ectsthrough specialness.

Our theory shedslight on seweral additional aspects of the on-the-run phenomenon. One
puzzling aspect is that o®-the-run bonds are viewed by traders as \scarce" and hard to locate,
while at the sametime being cheaper than on-the-run bonds. In our model, o®-the-run bonds
are indeed scarcefrom the viewpoint of short-sellerssearting to buy and deliver them. Because,
however, scarcity drives short-sellers away from these bonds, it makes them lessliquid and less
attractiv e to marginal buyers who are the agerts seekingto establish long positions. Our theory
also shaws that when assets'issuesizesare suxciently di®erert the equilibrium becomesunique,

"The delivery constraint is prevalent in actual markets, as can be seen, for example, by the incidence of short-
squeezes.In a short-squeeze,short-sellers have ditcult y delivering the assetthey borrowed and the asset'sspecialness
in the repo market increasesdramatically . For a description of short-squeezessee, for example, Dupont and Sadk
[1999].



with short-sellers concerirating in the largest-supply asset. Therefore, if one views o®-the-run
bonds as being in smaller e®ectie supply,® our theory suggeststhat they are lesslikely to attract

short-sellersand thus lessliquid. Finally, our theory allows for an analysis of market integration,

achieved when short-sellers are allowed to deliver either asset? We show that integration raises
liquidit y and welfare but not necessarilythe price level.

This paper is closelyrelated to Dute's [1996]theory of repo specialness.In Dute, short-sellers
needto borrow an assetand sell it in the market, incurring an exogenoustransaction cost. Assets
that can be sold at a low cost are on special becausethey are in high demandby short-sellers. The
main di®erencewith Duze is that instead of explaining specialnesstaking liquidit y (transaction
costs) as exogenous,we explain liquidit y and specialnesssimultaneously. Thus, we can explain
why liquidity and specialnessmight di®er for otherwise identical assets. We can also analyze
the e®ectsof issuesize, market integration, etc, taking into accourt the endogenousvariation in
liquidit y. Krishnamurthy [2002]proposesa model building on Dute [1996]that links the specialness
premium to an exogenousliquidity premium. This link is also presen in our model where the

liquidit y premium is endogenous-®

This paper builds on a seriesof papers by Dute, Garleanu and Pedersen,who are the rst
to introduce seard in models of assetmarket equilibrium. Duze, Garleanu and Pedersen[2004]
considera model whereinvestorsseekto establishlong positions, and Duze, Garleanu and Pedersen
[2005] introduce dealersinto that model. Dute, Garleanu and Pedersen[2002] intro duce short-
sellersinto a di®erert model where the spot market is Walrasian but the repo market operates
through seard. They show that specialnessarisesbecauseof lenders' bargaining power, exactly as
in this paper. Our focusdi®ersin that we seekto explain di®erencesn liquidit y acrossassets. This
leads us to extend their framework in seweral technically challenging directions. In particular, we
considera multi-asset model while they assumeonly one asset. We also introduce seart in both
the spot and the repo market becausethis is crucial for our explanation.!* Vayanos and Wang
[2004]and Weill [2004]develop multi-asset models with seard, but no short-sellers. We shaw that

8For example, Amihud and Mendelson [1991] argue that a bond's e®ective supply decreasesover time asthe bond
becomes\lo cked away" in institutional investors' portfolios.

9Bennett, Garbade and Kambhu [2000] argue that market integration can be achieved if on- and o®-the-run bonds
becomestandardized in terms of their maturit y dates. For example, a two-year bond can be designedto mature on
exactly the same date as a previously-issued v e-year bond. The bonds can then be made \fungible," assignedthe
same CUSIP number, and be identical for delivery purp oses.

0 Empirical studies by Cornell and Shapiro [1989], Jordan and Jordan [1997], Buraschi and Menini [2002], Kr-
ishnamurthy [2002], Graveline and McBrady [2004], and Moulton [2004] show that on-the-run bond prices contain
specialnesspremia consistert with Dute [1996] and our model. We return to these studies in Section 7.

1 Seardh in the spot market induces short-sellersto concertrate in one asset. Searc in the repo market generatesa
phositiéet;]ending fee, which is necessaryto rule out the arbitrage strategy of shorting the on-the-run bond and buying
the o®-the-run.



in the presenceof short-sellersdi®erencesn liquidit y arise quite naturally. Moreover, price e®ects
can be large becauseof the specialnesspremium.

This paper is related to the monetary-seart literature building on Kiy otaki and Wright [1989]
and Trejos and Wright [1995]. Aiyagari, Wallace and Wright [1996] provide an example of an
econony in which ‘at monies(intrinsically worthless and unbadked piecesof paper) endogenously
di®er in their price and liquidity. Wallace [2000] analyzesthe relative liquidity of currency and
dividend-paying assetsin a model based on assetindivisibilit y. Our relative cortribution is to
comparedividend-paying assetsasopposedto currency, and intro duceshort sales. The latter allows

to examine whether price di®erencedbetweenotherwise identical assetscan generatearbitrage.

This paper is alsorelated to the literature on equilibrium assetpricing with transaction costs.
(See, for example, Amihud and Mendelson [1986], Constartinides [1986], Aiyagari and Gertler
[1991], Heaton and Lucas [1996], Vayanos[1998], Vayanos and Vila [1999], Huang [2003],and Lo,
Mamaysky and Wang [2004].) Besidesendogenizingthe transaction costs,we add to that literature

by intro ducing short-sales.

Pagano [1989] studies the conceriration of liquidity across market venues. He shaws that
markets can coexist, but the outcomeis generally dominated by concernrating trade in one market
and shutting the other.1? Our model di®ersbecausewe considerconcenration acrossassetsrather
than markets. In particular, there is no analogueof a market being shut.

Boudoukh and Whitelaw [1993] propose a theory of the on-the-run phenomenonin which
liquidit y is selectedby the bond issuer. They shaw that the issuercan achieve price discrimination
by imposing liquidit y di®erencedetweenotherwiseidentical bonds. This resenbles our result that
relative to market integration, the asymmetric (on-the-run) equilibrium can increasegovernmert

revenue but reduce welfare.

The rest of this paper is organized as follows. Section 2 preseris the model, and Section

3 considersthe benchmark casewhere markets are Walrasian. Section 4 assumesthat markets
operate through seard, and contains our main results. Section 5 extends the model to di®eren

asset supplies and market integration. Section 6 calibrates the model, Section 7 examinesthe
model's empirical implications, and Section 8 concludes. All proofs are in the Appendix.

12geealso Ellison and Fudenberg [2003] for a general analysis of the coexistence of markets, and Economides and
Siow [1988]for a spatial model of market formation. Seealso Admati and P°eiderer [1988]and Chowdhry and Nanda
[1991] for models where trading is concerirated in a speci ¢ time or location becauseof asymmetric information.



2 Mo del

Time is cortinuous and goes from zero to in nit y. There is a riskless assetwith an exogenous
return r, and two risky assetspaying the samecash°ow. Cash °ow is described by the cumulativ e
dividend process

dD: = #dt + ¥dBy; (1)

where + and ¥ are positive constarts, and By is a standard Brownian motion.*® The risky assets

can di®erin their supply, and we denote by S; the number of sharesof asseti 2 f 1; 2g.

There is an in nite massof in nitely-liv ed risk-averseagerts who derive utilit y from the con-
sumption of a num@raire good. All agerts have the sameCARA utilit y function,

Z 1 5
i E exp(j ®cj t)dt : 2
0

Agerts di®er in their endovment streams. An agert can either receive an endovment that is

positively correlated with dividends, or onethat is negatively correlated, or onethat is uncorrelated.

The correlation betweenendovmernts and dividend giverise to hedgingdemands,inducing agerts to

trade. We refer to the agerts with the negatively correlated endovmernt as high-valuation because
they have a positive hedgingdemand. Likewise,we refer to the agerts with the positively correlated
endavment aslow-valuation, and to thosewith the uncorrelated endovment asaverage-aluation. 14

Following Dute, Garleanu and Pedersen[2004], we assumethat an agert receivesthe cumulative
endovment process

. q ,
da = % %dBi+ 1 %£dz; ; (3)

where % is a positive constart and Z; is a standard Brownian motion independert of B;. The
process is the instantaneouscorrelation betweenthe dividend processand the agert's endovment
process. We set % = j %< 0 for high-valuation agerts, “¢ = %> 0 for low-valuation agerts, and

% = 0 for average-waluation agerts. The processeqY; Z;) are taken to be pairwise independen
acrossagerts.

3The process(1) is the continuous-time analog of i.i.d. cash ows. In a xed-income setting, cash °ows are
deterministic and the uncertainty arises becauseof interest rates. Moreover, assetsgenerally have a "nite maturit y
rather than being in nitely lived. We abstract from these complications to keepthe model tractable, but we believe
that the basic intuitions are robust.

¥ The endowments can be interpreted asa position in a correlated market. For example, low-valuation agerts could
have long positions in corporate bonds or mortgage-badked securities, and seekto hedgethem by shorting Treasuries.
For a discussion of hedging demand in the Treasury market, seeDupont and Sadk [1999].



There is a continuous °ow F of average-aluation agerts who switch to high valuation, and a
continuous °ow F who switch to low valuation. Conversely high-valuation agerts revert to average
valuation with Poissonintensity =, and low-valuation ageris do the samewith Poissonintensity

Thus, in a steady state, the measuresof high- and low-valuation agerts are F=— and F=-,
respectively. Given that the measureof average-waluation agerts is in nite, an individual agert's

switching intensity from averageto high or low valuation is zero.

Agents can hold long, short, or no positions in any asset. Positions must be in multiples of
a \round lot" that we normalize to one share. We are interested in steady-state equilibria where
high-valuation agens are long one share or hold no position, low-valuation agerts are short one
share or hold no position, and average-waluation agens stay out of the market. In the following
sectionswe shaw that sud equilibria exist under appropriate parameter restrictions.

3 Walrasian Equilibrium

In this section we considerthe benchmark casewhere markets are Walrasian, and show that both
assetsmust trade at the same price. For notational simplicity, we set A = r®, y =~ A¥£=2,
X" A%, and x © AV,

Prop osition 1 In a Walrasian equilibrium, both risky assetstrade at the sameprice p. If

|
X
M

(4)

and
dy> X+ x> 2y> X (5)

then high-valuation agents either buy one share or stay out of the market, low-valuation agents
short one share, average-valuation agentsstay out of the market, and the price is

t+ XYy,
p :

0= (6)

That both assetstrade at the sameprice follows from no-arbitrage: sinceassetshave the same
cash °ow and there are no trading frictions, an agent could make an in nite prot from a price



discrepancy Note also that assetowners are lending their assetto short-sellers for a zero fee.
(Repo transactions are introduced more explicitly in Section4.1.) Indeed, if the fee were positive,
all owners would be willing to lend, and the supply of lendable assetswould always exceedthe
short-sellers' borrowing demand.

To explain the intuition for the rest of the proposition, we consider agens' portfolio-choice
problem. An agert who holds z; sharesof the risky assetsreceiwes the instantaneous cash °ow
zidD¢ + dg. In Appendix A we show that the agert choosesz; to maximize the mean-variance
objective

Ei(zdD¢ + d&) i %Vart(ztht+ de) i rpzdt

where A is the (constant) coezxcient of absolute risk aversion of the agert's value function. From

Equations (1) and (3), this objective is equivalent to

N >

; ¢
170) = YBZ2+ WYz i tpz’ C(%iz)i rpz

where C(¥2z) is the incremental certainty equivalent of holding z sharesrelative to holding none.
Using the de nitions of y, X, x, we can write the certainty equivalent asC(%2z) = (x+ X)zj yz? for
a high-valuation agert, C(%2) = (+j x)zj yz? for alow-valuation agert, and C(0;z) ~ #zj yz? for
an average-waluation agert. The parametery measureshe cost of bearing risk, and the parameters
X and x measurethe hedging bene ts.

The aggregateassetsupply is the sum of the supplies Sj, i 2 f1;2g, from the issuers, plus
the supply generatedby the short-sellers. Let's guess(and later verify) that low-valuation agerts
are the only short-sellers and short one share, in which casethe latter supply is equal to their
measureF =-. Equation (4) then implies that the measureF = of high-valuation agerts exceeds
the aggregatesupply. Therefore, in equilibrium high-valuation agerts must be indi®erert between
buying one share or none, and the price must equal C(¥2;1)=r, the presen value (PV) of their
certainty equivalent of onesharel® Equation (5) ensuresthat our guessis veri ed, i.e., at the price
C(%21)=r, low-valuation agerts nd it optimal to short one share and average-waluation agerts to

stay out of the market.

Bntuitiv ely, Equation (4) ensuresthat assetdemand, generatedby the high-valuation agerts, exceedsassetsupply.
This implies that buyers are the \long" side of the market and bid the price up to their valuation. Equation (4)
simpli'es our analysis in sewral respects. For example, it ensuresthe existence of a parameter region in which
short-sellers are the infra-marginal traders (Equation (13)).



4 Search Equilibrium

In this sectionwe assumethat markets operate through seard and bilateral bargaining. There are
two markets in our econony: the spot market for buying and selling, and the repo market where
short-sellerscan borrow an asset. We assumethat both operate through seard, although they can
di®erin the exciency of the seard process.In Section4.1 we motivate our basicframework, and in
Section 4.2 we describe agerts' life-cyclesand the seard process.In Section 4.3 we determine the
measuresof the di®erent agen types,in Section 4.4 we solve the agerts' optimization problems,
and in Section 4.5 we solve for the equilibrium. Throughout, we assumethat assetsupplies are
identical, i.e., S1 = S, = S, and allow for di®erert suppliesin Section 5.

4.1 Basic Framew ork

We adopt the standard seard framework where agerts are matched randomly over time in pairs.
This framework captures someelemeris of the governmeni-b ond market: negotiations are mainly
bilateral and locating counterparties can involve seardr. On the other hand, the framework is
quite stylized. For example, it leavesopen the question why agerts cannot gather in a certralized
marketplace.

In some sense,every price-formation model is stylized. For example, the Walrasian auction
assumesmultilateral trade, but the governmen-bond market operates mainly in a decenralized
fashion through bilateral negotiations. Therefore, as long as seard times are reasonably small,
it is not obvious which model describes the market better. Furthermore, an explanation of the
on-the-run phenomenonrequires somesort of friction, which is absert from the Walrasian auction.
Of course,the seard framework is not the only way to introduce friction. A leading alternativ e is
to assumeasymmetric information about assetpayo®s,but it is unclear what the asymmetriesare
in the governmert-b ond market.'® Perhapsother alternativ escould be explored, but seart o®ers

a analytically tractable and parsimoniousonel’

Before turning to our model of the repo market, we recall the medanics of a repo transaction.
In a repo transaction a lender turns his assetto a borrower in exchangefor cash. At maturity the
borrower returns the asset,and the lender returns the cashtogether with somepreviously-agreed

8 SeeAdmati and Peeiderer [1992]for an asymmetric-information model whereidentical assetscan di®erin liquidit y.

1A basic property of the seard framework is that the time to execute a transaction decreasesin the number of
potential counterparties. For example, if short-sellers concertrate in one asset, this assetwill have a larger buyer and
seller pool, and be easierto trade. The basic mechanisms that we identify in this paper should carry to any model
that sharesthis property.



interest-rate paymert, called the \rep o rate." Hence,a repo transaction is e®ectiely a loan of cash
collateralized by the asset. Treasury securities di®er in their repo rates. Most of them share the
samerate, called the \general collateral rate," which is the highest quoted repo rate and is close
to the Fed Funds Rate. The specialnessof an assetis de ned asthe di®erencebetweenthe general
collateral rate and its repo rate. In our model, instead of assumingthat the lender pays a repo rate
to the borrower, we assumethat the borrower pays a °ow feew to the lender. Hence,the \implied"

repo rate is the di®erencer | w=p betweenthe risk-free rate and the lending fee per dollar, and

the specialnessis simply w=p.

Finally, we imposefrom now on a simplifying restriction on agens' portfolios. We assume
that agerts can either hold a long position of one share, or a short position of one share, or no
position. Precluding long and short positions of multiple sharesis relatively innocuous. Indeed,
Section 3 shaws that agerts can chooseto limit themselvesto one share becauseof risk aversion.
The lessinnocuous part of the constraint is to preclude arbitrage portfolios of o®settinglong and
short positions. To imposethe discipline of no-arbitrage on the market, we intro duce an additional
agert group, the \arbitrageurs." These are average-waluation agerts who never switch to high or
low valuation, and who can hold either one of the three portfolios above or an arbitrage portfolio
that is one share long and one short. We assumethat arbitrageurs have in nite measureso that

they can take an unlimited collective position.!8

4.2 Agents' Life-Cycles and the Search Pro cess

We look for equilibria in which portfolio decisionsresenble those in the Walrasian case,namely,
high-valuation agerts seekto buy oneshareof an asset,low-valuation agerts seekto short oneshare,
and average-waluation agerts (including arbitrageurs) stay out of the market. Agents' life-cyclesin
these equilibria are roughly as follows. High-valuation agerts buy the asset, possibly lend it to a
short-seller, and then sell it when switching to averagevaluation. Low-valuation agerts borrow the
asset,sellit, and then buy it back when switching to averagevaluation.

A full description of life-cycles must include someadditional outcomes. For example, a high-
valuation agert could switch to averagevaluation beforebuying the asset. Alternativ ely, the switch
could occur while the assetis on loan, in which casewe must specify how the loan is terminated.
To represernt the full range of outcomes,we usethe °ow diagram of Figure 1.

18 Alternativ ely, we could assumethat all agerts can hold the arbitrage portfolio, and do away with the arbitrageurs.
We return to this issuein Footnote 29.

10



The top half of the diagram refersto a high-valuation agert. The agen is initially a high-

valuation buyer b, seekinga seller of either assetin the spot market. If he reverts to average
valuation before meeting a seller, he exits the market. Otherwise, if he meets a seller of asset
i 2 f1;2g, he buys the asset. He then becomesa lender "i of asseti in the repo market, seekinga
borrower. If he reverts to averagevaluation before meeting a borrower, he exits the repo market
and becomesa sellersi of asseti in the spot market. Otherwise, if he meetsa borrower and there
are gains from trade, he lendsthe asset.

To describe the subsequeh outcomes,we must considerthe low-valuation agert who borrows
the asset, and we turn to the bottom half of the diagram. Initially , a low-valuation ager is a
borrower bg seekinga lenderin the repo market. If shereverts to averagevaluation beforemeeting
a lender, sheexits the market. Otherwise, if she meetsa lender of asseti and there are gains from
trade, sheborrows the asset.

After the loan is agreed,the borrower bo becomesa low-valuation sellersi of asseti, and the
lender i becomesa high-valuation non-searter mi, represerted by the box above si. If agert si
reverts to averagevaluation before meeting a buyer, shedeliversthe assetto agert ni and exits the

market, while agert i returns to the lender pool 'i. If instead it is agert ii who reverts to average
valuation, agert si deliversthe assetand returns to the borrower pool bg while agert ni becomes
a sellersi. Otherwise, if agert si meetsa buyer, she sellsthe assetand becomesa low-valuation
non-searder ni. Agent ni then movesto the box above ni. If agert ni reverts to averagevaluation
after that time, shebecomesa buyer bi of asseti, and agert ni movesto the box above bi. Upon
meeting a seller, agert bi buys and delivers the asset,while agert mi returns to the lender pool Ti.
If agert ni reverts to averagevaluation while his courterparty is ni or hi, then instant delivery is
impossiblebecauseof seard. In that event, we assumethat agen ni seizessome cash collateral

previously posted by the low-valuation agert, and exits the market.1®

We refer to the di®erent states in agerts' life-cycles as \t ypes." The types, summarized in
the table below Figure 1, are b and f'i; 1i; Sigj 1,29 for the high-valuation agerts, and bo and
fsi; ni; bigiof 1,09 for the low-valuation agerts. We denote by T the set of types, and by * ; the

measureof investorsof type ¢, 2 T. Finally, we denote by bi the group of all buyers of asseti (both

¥ This assumption is for simplicity. An alternativ e assumption is that the low-valuation agert can seard for the
assetunder a late-delivery penalty, but this would complicate the model without changing the basic intuitions.

In Appendix D we show that becausecollateral acts as a transfer, its speci ¢ value doesnot a®ectany equilibrium
variable except the price of the repo contract: high-valuation agerts acceptto lend their assetfor a lower feeif they
can seizemore collateral. To downplay this e®ect,we set the collateral equal to the utilit y of a seller si. This ensures
that upon reverting to averagevaluation, agert fi is equally well o® when receiving the asset(th us becoming a seller
Si) or the cash collateral.
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Exits Exits Exits
High-valuation investors (top half) Low-valuation investors (bottom half)
High-valuation buyer b Borrower bo
Lender of asseti 2 f1;2g 5 Low-valuation seller of asseti 2 f1;29 si

High-valuation seller of asseti 2 f1;2g S Low-valuation non searder ni
High-valuation non searder ni Low-valuation buyer of asseti 2 f1;2g hi

In the diagram, boxes represert investors' typesand arrows transitions betweentypes.
The shaded boxes represert typeswho are matched through a repo transaction.
Our notation for investors' typesis summarized in the table.

Figure 1: Flow Diagram.

high- and low-valuation), and by si the group of all sellers. The measures! ,; and ! s of these
groups are

o = 'pt 'y (7)

lg = lg+1g: (8)

In eadh market agernis are matched randomly over time in pairs. We assumethat an agert

12



establishescontact with other agerts at Poissonarrival times with xed intensity. Moreover, there is

random matching in that conditional on establishinga contact, all ageris are \equally likely" to be
contacted. Thus, an agent meetsmenbers of a given group with Poissonintensity proportional to

that group’'s measure. For example,a buyer in the spot market meetssellersof asseti with Poisson
intensity ,! s, where, is a parameter measuringthe exciency of spot-market seard. Therefore,

the Law of Large Numbers (seeDute and Sun [2004]) implies that meetings between buyers and

sellersof asseti occur at a deterministic rate ,! ! . Likewise, meetingsbetweenborrowers and

lenders of asseti occur at a deterministic rate °* po' <;, where © measuresthe exciency of repo-

market seard. If in equilibrium low-valuation agerts decideto borrow only one asset,someof the

borrower-lender meetingsdo not result in a trade. To accourt for this, we de ne the endogenous
variable °; by °; = ° if low-valuation agens borrow asseti, and °; = 0 otherwise.

When two ageris meet, they bargain over the terms of trade. Bargaining in the spot market
is over the price p; of asseti, and in the repo market is over the °ow fee w; that the borrower
must pay to the lender of asseti over the life of the loan. We assumethat bargaining takes place
accordingto a simple gamewhere the two agerts make simultaneous o®ers.If the o®ersgeneratea
set of mutually acceptableprices,trade occursat the mid-point of that set. Otherwise, the meeting
endsand the agerts return to the seard pool.

4.3 Demographics

We next derive a set of equationsthat determine the steady-state measuresof the di®eren agen
types. Market clearing requiresthat assetsare held by lendersor sellers,i.e.,

1\,i+1si:Si; (9)

for i 2 f1,2g9. Moreover, the measure! ; of high-valuation agerts engagedin a borrower-lender

match must equal the measureof low-valuation agerts, i.e.,
Thi = tsit thit ty; (10)

for i 2 f1;29. The remaining equations follow from the requiremen that the in°ow into an agen
type must equal the out°ow. Consider, for example, the type b of high-valuation buyers. The

inow into this typeis F becauseof the new ertrants. The out°ow is the sum of = ; becausesome

P
high-valuation buyers revert to averagevaluation and exit the market, and i2:1 .t sit because
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somehigh-valuation buyers meet sellersof assetsl or 2 and buy. Therefore,
f: _—15+ 1 SilB: (11)

In Appendix B we derive the remaining in°ow-out®°ow equationsand show that the resulting system
has a unique solution.

4.4  Optimization

Agents optimize over their consumption °ow and risky-asset portfolio. We solve the optimization
problem in two steps: (i) takethe portfolio decisionasgivenand solve for optimal consumption, thus
computing an\in terim" value function, and (ii) determinethe portfolio decisionthat maximizesthis
value function. We characterize the value function in Appendix C, and leave portfolio optimization
to Appendix E where we compute the full equilibrium. In this section we presert an intuitiv e
characterization of the value function corresponding to agers' equilibrium portfolio decisions,i.e.,
the life-cyclesof Section 4.2.

An agent's value function takesthe form

1 FiT+ A23R=0
iFeXpiA(Wt"’V(;)J’I r =2

where W is the investmert in the risklessasset,and V, is a constart that dependson the agert's
type and to which we refer asthe agert's \utilit y." The set of utilities solvesa system of nonlinear
equations. The equations, however, becomelinear and can be solved in closedform in an inter-
esting special case. This is when the coexcient of absolute risk aversion A goesto zero, holding
the parametersy, X, and x constart.?® Becausethese parameters measurethe cost and hedging
bene t of bearing risk, risk considerationsmatter even in the limit. It is, however, only the risk
of the dividend processthat matters, and not the risk assaiated to the matching processin the
seard market. Agents are e®ectiely risk-neutral relative to the latter, and this is what makesthe
equations linear. From now on, we focus on the limit casebecauseit captures the key economic
intuitions while also generating simpler equations.

2 Recall from Section 3 that these parameters are de ned by y ~ A¥?=2, X~ A%, and x ~ AY%#e. Therefore,

when A goes to zero, the variances % and % must go to innit y. Note that the certainty equivalent C(%z) is
una®ectedwhen taking the limit becauseits dependenceon A, ¥ and % is only through vy, X, and x.

14



The equations take a form which is standard in the seard literature. This is that the °ow
value rV, of being type ¢ is derived from the °ow bene ts accruing to that type (dividends and
lending fees) plus the transitions to other types. For a high-valuation buyer b, for example, the
equation is

X2
rVg=i Vgt Lt si(V5i0 pii Vg (12)
i=1
becausethe °ow bene ts are zero and the transitions are (i) revert to averagevaluation at rate =

and exit the market (utilit y zeroand net utility j V;), and (ii) meet a seller of asseti 2 f1;2g at

rate ,! i, buy at price p;, and becomea lender i (utilit y V< and net utility V< i pii Vp).

In Appendix D we derive the remaining equations. These must be solved together with the
equationsfor the price and the lending fee. The price is determined by bargaining betweenbuyers
and sellers. There are two typesof buyers, b and bi, and two typesof sellers,si and si. Type b has

resenation value ¢ ; ~ V5

< i Vg becauseafter buying asseti he becomesa lender with utilit y V.

Type b hasresenation value ¢ = | Vi becauseafter buying shedelivers the assetand exits the

market. Likewise,the sellers'resenation valuesare ¢ 5~ Vs and ¢ 5~ Vsii Vhi. Becausetype b
receives a hedging bene t from holding the assetwhile type Si doesnot, resenation values satisfy
¢;> ¢5. They alsosatisfy ¢ > ¢ 5 becausetype si receivesa hedging bene t from holding a
short position while type bi doesnot. To complete the ranking, we assumethat short-sellersare
the infra-marginal traders, both as sellersand as buyers, i.e.,

Cph>Cp>Cg> Gy (13)

This assumption makesthe analysis more transparent becauset ensuresthat the marginal traders
are comparable acrossassets,even in equilibria where short-selling is concerrated on one asset.
In Section4.5 we show that Equation (13) is satis ed under appropriate restrictions on exogenous
parameters.

We focus on simple equilibria of the bargaining game in which all buyers and sellers make
the sameo®erp;. This o®ermust be in [¢ 5; ¢ ;] to ensurethat all traders realize a non-negative
surplus. Given the buyers' strategy, asking p; is optimal for a seller - a higher ask would preclude
trading while a lower ask would lower the transaction price. Likewise,given the sellers' strategy,

bidding p; is optimal for a buyer. Obviously any p; 2 [¢ 5; ¢ ] is an equilibrium. We do not select
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among these, but instead treat the buyers' \bargaining power" A de ned by

pi=Ats+ (1 A¢ B (14)
as exogenous.The bargaining power A is equal to the fraction of the overall surplus ¢ pi ¢s that
the marginal buyer b can extract.

The lending feeis determined by bargaining betweenborrowers and lenders. We compute it in
Appendix D asa function of the surplus 8; assaiated to a borrower-lender match, and the fraction

p of that surplus that a lender can extract.

4.5 Equilibrium

An equilibrium is characterized by

(i) Measures! ; for all agert types¢ 2 T.
(i) Utilities V, for all agert types¢ 2 T.
(iii) Pricesand lending fees(pj;w;) for i 2 f1;29.
(iv) Short-selling decisions®; 2 f0;°gfori 2 f1,; 2g.
Thesevariables are a solution to the following xed-p oint problem. The measuresare determined
from the nonlinear system of Equations (9)-(11) and (B.1)-(B.6), asa function of the short-selling
decisions. The utilities, prices, and lending feesare determined from the linear system of equations

(12) and (D.1)-(D.11), asa function of the measuresand short-selling decisions. Finally, the short-

selling decisionsare determined as a function of the utilities from
°%=°, §, 0 (15)
i.e., agerts short-sell asseti if the surplus §; assaiated to a borrower-lender match is positive.

A solution to the xed-p oint problem is an equilibrium if it satis estwo additional requiremerts.
First, the conjectured portfolio decisionsmust be optimal, i.e., high- and low-valuation agens must
adopt the life-cyclesof Section4.2, and average-aluation agens (including arbitrageurs) must hold

no position. Second,the buyers'and sellers'resenation valuesmust be orderedasin Equation (13).
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We are interestedin two typesof equilibria: a symmetric onewherelow-valuation agens short-
sell both assets,i.e., °1 = °, = °, and an asymmetric one where short-selling is concertrated on
one assetonly, say assetl, i.e., °; = ° and °, = 0. Computing these equilibria can, in general,
be done only numerically. Fortunately, however, closed-formsolutions can be derived when seart

frictions are small, i.e., , and ® are large.?* In the remainder of this sectionwe focus on this case,

15

emphasizingthe intuitions gained by the closed-form solutions. We complemeri our asymptotic
analysiswith a numerical calibration in Section 6.

When seart frictions are small, the measureof agens in the \short" side of a market goes
to zero. The short side in the repo market are the borrowers becausethey enter the market at a
°ow rate, while the lendersare the asset-holdersand constitute a stock. The short sidein the spot
market depends on the comparison between the assetdemand, generated by the high-valuation
agerts, and the assetsupply, generatedby the issuersand the short-sellers. As in the Walrasian
case,we assumethat demand exceedssupply, i.e.,

5 > 2S5+ i (16)
Under this condition, the short sidein the spot market are the sellers.
45.1 Symmetric Equilibrium
Prop osition 2 AssumeEquation (16),

XT g ﬁf >2y> X, (17)

r+-+0s

and A;u 6 1, where gs is de ned by Equation (B.28) of Appendix D. Then, for large, and °,
there exists a symmetric equilibrium in which prices, lending fees, and types' measures are identical
across assets.

In the proof of Proposition 2 we determine the asymptotic behavior of the equilibrium. We
con rm that the measuresof sellers and borrowers, who are the short side in their respective
markets, go to zero, while the measuresof buyers and lendersgo to positive limits. In particular,

for eadh asseti 2 f 1; 2g, the measureof lenders convergesto the assetsupply S, and the measure

ZLMore precisely, we assumethat , and © goto 1 , holding the ratio n = °=, constant. When taking this limit,
we will say that a variable Z is asymptotically equal to z,=, + z,=°, if Z = z;=, + z,=(n, ) + o(1=,).
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of buyersto a limit my. On the other hand, the measureof sellersis asymptotically equalto gs=, ,
and that of borrowersto gy=°, for two constarts gs and gy,. The asymptotic behavior of the price

and the lending feeis described in the following proposition.

Prop osition 3 In the symmetric equilibrium of Proposition 2, the price of each asseti 2 f1;2g is

asymptotically equal to

++ X | T X Ar+ T+ 2g)x Wi
o = iy | i ( - Os) X + _ gt%s Wi, (18)
r Mpr LA AMp T T T =Bt G T
and the lending fee is asymptotically equal to
H g 1
. = - . S L
wi=Hp r+ +_r+__+__+gs+g@ 8i, (19)
where
g = X a2y %) (20)
' 2°(1i WS

The price is the sum of four terms. The rst term, (x+ X y)=r, is the limit to which the
price convergeswhen seard frictions goto zero. Not surprisingly, this limit is the Walrasian price
of Proposition 1. Recall that the Walrasian price is the PV of the high-valuation agerts' certainty
equivalent of one share. High-valuation agerts bid the price up to their valuation becausethey are
the long side in the market.

The remaining terms in Equation (18) are adjustments to the Walrasian price due to seard
frictions. The secondterm is a liquidit y discourt, arising becausehigh-valuation agerts incur a
seard cost when needingto sell the asset. This cost reducestheir valuation and lowers the asset
price. The liquidity discourt decreasesn the measureof buyers (mp in the limit) becausethis
reducesthe time to sell the asset, and increasesin the rate ~ of reversion to average valuation
becausethis reducesthe investmen horizon. Interpreting the seart cost asa transaction cost, the

liquidit y discourt is in the spirit of Amihud and Mendelson[1986]22

2 Consistent with Amihud and Mendelson, the liquidit y discount =X=(,m ) is the PV of transaction costsincurred
by a sequenceof marginal buyers. Indeed, a high-valuation investor (the marginal buyer) reverts to averagevaluation
at rate —. He then incurs an opportunit y cost X of holding the asset, since he does not realize the hedging benet,
until he meets a new buyer at rate ., m .
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The third term is a discourt arising becausehigh-valuation agerts have bargaining power in
the searh market and can extract some surplus from the sellers. This \bargaining” discourt is
presert only when the buyers' bargaining power A is non-zero.

The last term is a specialnesgpremium, arising becausehigh-valuation agerts can earn a feeby
lending the assetin the repo market. This feeis an additional cash°ow derived from the assetand
raisesits price. The specialnesspremium is the PV of the asset'sexpected lending reverue, but is
smaller that the PV w;=r of a continuous stream of the lending fee. This is becauselenders must
seard for borrowersand cannot ensurethat their assetis on loan continuously. In fact, the time to
meet a borrower doesnot convergeto zerowhen seard frictions becomesmall. For small frictions,
the °ow of borrowerswho enter into the market are matched almost instantly with lenders. Because,
however, lenders are in positive measure,the meeting time from any given lender's viewpoint is

Thite. 23

The lending fee arisesbecauseof the lenders' bargaining power i in the repo market, exactly as
in Dute, Garleanu and Pedersen[2002]. When the bargaining power is non-zero, the lenderscan
extract someof the short-selling surplus §; from the borrowers. Of course,when seard frictions
becomesmall, lenderscan be contacted almost instantly, and competition amongthem drivesthe
feedown to zero.

The short-selling surplus §; increasesin the hedgingbene t x of the low-valuation agens. It
alsoincreasesin gs, which is the Poissonintensity at which sellerscan be cortacted in the limit. 24
The easierthe sellersare to contact, the more attractiv e a short-sale becomesto a low-valuation
agert becauseit is easierto buy the assetbadk.

45.2 Asymmetric Equilibrium

Prop osition 4 AssumeEquations (16), (17), A6 1, u6 0;1, and °=, 2 (ny;n,) for two positive
constantsni; ny. Then, for large, and?, there existsan asymmetric equilibrium where short-seling
is concentrated on asset1.

ZFormally, the measureof borrowersis asymptotically equal to gn=°, and thus the Poissonintensity 1 p, at which
borrowers can be contacted convergesto gyo.

%4The Poissonintensity at which sellerscan be contacted is ,* s, and convergesto gs becausethe measureof sellers
is asymptotically equal to gs=,. The surplus is increasing in gs becauseEquation (17) requires that 2y > X. This
inequality ensuresthat upon reverting to average valuation, a short-seller prefers to buy the assetback rather than
keeping the short position.

The surplus §; is positive becauseof the left-hand-side inequality in Equation (17). In fact, this inequality is
stronger than §; > 0 becauseit ensuresthat low-valuation agerts are not only willing to short-sell, but are also the
infra-marginal, i.e., the more eager, sellers.
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Taken together, Propositions 2 and 4 imply that there is a parameter range for which a sym-
metric and an asymmetric equilibrium coexist. In the asymmetric equilibrium, low-valuation agers
short-sell only assetl, declining any opportunities to borrow asset2. This occursbecauseof searh
externalities. The more agerts short-sell assetl, the greater the asset'sseller pool becomes.The
asset'sbuyer pool also increasesbecauseof the short-sellerswho needto buy the assetback. This
makesassetl easierto trade, attracting, in turn, more short-sellers.

While the generalnotion of seard externalities is well-understood, its application to the on-the-
run phenomenonis subtle. Absen the short-sellers,seart externalities would not operate. Indeed,
the only agens choosing betweenthe two assetswould be the high-valuation buyers. While these
agerts value an assetwith a larger buyer pool (becausethey evertually turn into sellers), prices
would adjust sothat in equilibrium high-valuation agerts hold both assets. Therefore, the assets

would have a common buyer pool, and be identical from a buyer's viewpoint. 2°

Seard externalities would not operate even with short-sellers,if these were allowed to deliver
any assetand not necessarilythe onethey borrowed. Indeed, the assetswould have a commonbuyer
pool, consisting of the high-valuation buyers and the short-sellerswho needto deliver. Therefore,
both assetswould be equally attractiv e to short-sell: equally easyto sell becauseof the common
buyer pool, and equally easyto deliver becauseone can be substituted for the other.

Summarizing, seard externalities can operate only becauseof the combination of short-sellers
and the constraint that these can deliver only the assetthey borrowed. This constraint \lo cks"
short-sellersinto buying one asset, thus generating di®erencesin the assets'buyer pools. It also
implies that that the size of an asset'sseller pool matters: a short-seller nds it more valuable to
borrow an assetwith a larger seller pool becausethat assetcan be delivered more easily.

In the proof of Proposition 4, we determine the asymptotic behavior of the equilibrium. We
shaw that for ead asseti, the measureof lendersconvergesto the assetsupply S, and the measure
of buyers to a limit my such that My > . On the other hand, the measure of sellersis
asymptotically equalto §si=,, and that of borrowersto (,,=°, for constarts 0s1 > @s2 and 0. We
return to these constarts in Section 4.5.3, where we compare the symmetric and the asymmetric
equilibrium. The asymptotic behavior of the price and the lending feeis in the following proposition.

Prop osition 5 In the asymmetric equilibrium of Proposition 4, asset prices are asymptotically

5 The proof that all assetswould have a common buyer pool, and the same price, in the absenceof short-sellers
is available upon request. Note that the argument ruling out concertration of buyers doesnot apply to short-sellers.
Indeed, while equilibrium requires that some agerts hold long positions in eact asset, there is no such requirement
for short positions.
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equal to
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The lending fee for assetl is asymptotically equal to
H Os1 !
Wi =M r+-+ ;m*'gbg 81, (23)
where
X i r+'_t;+gsl (2y 7)
§1= — 0 71 (24)

°1i WS

An immediate consequenceof Proposition 5 is that the price of assetl exceedsthat of asset
2. This is becauseof three e®ectsworking in the samedirection. First, the liquidity discourt is
smallerfor assetl becausehis assethasa larger buyer pool, i.e., hy > m,. Secondthe bargaining
discourt is smaller for asset1 becausethe larger buyer pool implies more outside options for the
sellers?® Finally, asset1 carries a specialnesspremium becauseunlike asset2, it can be lent to

short-sellers.

Our model rationalizes the apparert paradox that o®-the-run bonds are generally viewed as
\scarce" and hard to locate, while at the sametime being cheaper than on-the-run bonds. We
shav that o®-the-run bonds are indeed scarcefrom the viewpoint of short-sellers seekingto buy
and deliver them. At the sametime, they are cheaper than on-the-run bonds becausethe marginal
buyers are the agens seekingto establishlong positions. Theseagerts value the superior liquidit y
of the on-the-run bonds and the ability to lend the bondsin the repo market.

Since asset prices di®er in the asymmetric equilibrium, a natural question is whether there
exists a pro table arbitrage. By construction, an arbitrage cannot exist in our model becauseit
would be eliminated by the group of arbitrageurs. The questionis instead why arbitrageurs choose

to hold no position even though assetprices di®er.

% This logic doesnot apply to buyersbecausethe marginal buyersare the high-valuation agerts who are not limited
to the seller pool of a speci ¢ asset.
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Sinceassetl is more expensive than asset2, an arbitrageur could buy asset2 and short asset
1. The arbitrageur would, however, have to pay the lending feefor assetl. Therefore, the strategy
is unpro table if
W1
Pri p2< - (25)
i.e., the price di®ererial betweenthe two assetsdoes not exceedthe PV of the lending fee?” In
equilibrium, however, the lending fee a®ectsnot only the cost of the arbitrage, but alsothe bene t:
it raisesthe price di®eretial through the specialnesspremium. To examinewhether Equation (25)

is satis ed, we thus needto substitute the equilibrium valuesof p; and p, from Proposition 5:

Obo Wi _ Wp,

- Os1 )
e L

+

(Ar+7) 1  1°%
L@ A My T

The rst term onthe left-hand sidere®ects assetl's lower liquidit y and bargaining discourts relative
to asset2, and we refer to it asassetl's liquidit y premium. By buying asset2 and shorting asset
1, an arbitrageur capitalizes on this premium. The arbitrageur also capitalizes on the specialness
premium, which is the secondterm on the left-hand side. Crucially, however, the specialness
premium is only a fraction of the cost wi=r of the arbitrage becauselenders cannot ensure that
their assetis on loan cortin uously (as emphasizedin Section4.5.1). Thus, Equation (25) is satis ed

when the lending feeis large enough?®

An arbitrageur could follow the opposite strategy of buying assetl and shorting asset2. In
the proof of Proposition 4 we shaw that this strategy is unpro table if

Ob w
o P P (26)
SR o T

The left-hand side is the arbitrageur's fee income from lending asset1 in the repo market. This

exceedsthe specialnesspremium (included in p; i p2) becausethe arbitrageur can hold assetl

2’n the proof of Proposition 4 we show that the strategy is unpro table under the weaker condition p;j p2 <
w1 =r + », for somesometransaction cost » of establishing the arbitrage position: becausetrading opportunities arrive
one at a time in a Poisson manner, it is not possibleto set up the two legs of the position simultaneously, and this
generatesa cost of being unhedged for sometime period.

2 0ur analysis has an interesting similarit y to Krishnam urthy [2002], who assumesthat pij p. = v+ zw1=r, where
vis alliquidit y benet" of on-the-run bonds, and z < 1 is the extent to which bond owners can exploit the specialness
premium. In our setting, v is the liquidit y premium and z is determined by the lenders' seard times.

One might argue that becauseof same-day settlement in the repo market, somesophisticated investors can manage
to lend their assetalmost continuously, i.e., z ¥4 1. We conjecture that in a model with heterogenouslenders, the
less sophisticated oneswould have a lower resenation value for owning the assetand hence could be the \marginal
buyers" in the spot market. The parameter z could then be signi cantly di®erert than one, re°ecting marginal
buyers' inferior lending abilit y.
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forever, thus being a better lender than a sequenceof high-valuation agens. Because however, the
arbitrageur loseson the liquidit y premium (the remaining part of p1j p2), Equation (26) is satis ed
when the lending fee is small enough. In the proof of Proposition 4 we show that Equations (25)

and (26) are jointly satis ed when the ratio °=, of relative frictions in the spot and repo markets

5

is in someinterval (n1;n,).%°

4.5.3 Comparison of the Symmetric and the Asymmetric Equilibrium

We next comparethe equilibria of Propositions 2 and 4.

Prop osition 6 In the asymmetric equilibrium:

() There are more buyersand sellers of assetl than in the symmetric equilibrium.
(i) There are fewer buyersand sellers of asset2 than in the symmetric equilibrium.
(i) The lending fee of assetl is higher than in the symmetric equilibrium.

(iv) The prices of the two assetsstraddle the symmetric-equilibrium price whenA = 0. For other

valuesof A (e.g., 1/2), both prices can exaed the symmetric-equilibrium price.

(v) Scial welfare is higher than in the symmetric equilibrium.

Sincein the asymmetric equilibrium short-selling is concertrated on asset1, there are more
sellersof this assetthan in the symmetric equilibrium. There are also more buyers becauseof the
short-sellerswho needto buy the assetbadk. Conversely asset?2 attracts fewer buyers and sellers
than in the symmetric equilibrium.

The lending fee of asset1 is higher than in the symmetric equilibrium becauseof two e®ects.
First, becausethere are more buyers and sellersof asset1, a short-sale is easierto execute, and

2 Equations (25) and (26) ensurethat arbitrage portfolios are suboptimal for arbitrageurs, i.e., average-\aluation
agents with no initial position. They do not apply, however, to average-\aluation agerts with \inherited" positions.
Consider, for example, a low-valuation agert with a short position in asset1, who reverts to averagevaluation. The
agert can unwind the short position by trading with a seller of asset1, but might also accept to trade with a seller
of asset2. This would hedgethe short position, lowering the cost of waiting for a seller of asset1.

In our analysis, we rule out such strategies by assumingthat arbitrage portfolios can be held only by arbitrageurs.
This is partly for simplicity, to keepagerts' life-cycles manageable. One could also argue that many investors do not
engagein such strategies becauseof costs to managing multiple positions, settlement costs, etc. (These costs could
be smaller for sophisticated arbitrageurs.) Needlessto say, it would be desirable to relax this assumption.
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the short-selling surplus is higher. Moreover, lendersof assetl are in better position to bargain for
this surplus becausethey do not have to compete with lenders of asset2.

To explain the price results, we recall that prices di®erfrom the Walrasian benchmark because
of a liquidity discourt, a bargaining discourt, and a specialnesspremium. In the asymmetric
equilibrium, assetl's liquidit y discourt is smaller than in the symmetric equilibrium becausethere
are more buyers. Moreover, assetl's specialnesspremium is higher becauseof the higher lending
fee. Conversely asset2's liquidit y discourt is higher than in the symmetric equilibrium, and its
specialnesspremium is zero. Therefore, absen the bargaining discourt, i.e., when the buyers'
bargaining power A is zero, asset1 trades at a higher price and asset2 at a lower price relative to
the symmetric equilibrium.

Perhapsthe most surprising result of Proposition 6 is that both assetscan trade at a higher
price relative to the symmetric equilibrium. Thus, the bargaining discourt can reversethe e®ects
of liquidit y and specialness.To explain the intuition, we recall that short-sellersexit the seller pool
faster when the assetthey have borrowed has a larger buyer pool. This occursin the asymmetric
equilibrium becauseassetl hasmore buyersthan either assetin the symmetric equilibrium. There-
fore, there are fewer short-sellersin the asymmetric equilibrium, and the aggregateseller pool can
be smaller. This can, in turn, worsenthe buyers' bargaining position and raise the prices of both
assets.

To measuresccial welfare, we add the utilities V, of all agerts, discourting those of future
erntrants at the interest rate r. From the Bellman equations of Section 4.4, an agent's utilit y is
equal to the PV of the °ow bene ts derived over the agert's lifetime. Therefore, sccial welfare is
egual to the PV of the °ow bene ts derived by all agerts. In the proof of Proposition 6 we shaw
that welfare dependson the equilibrium allocation through

X2 £ o]
Lai(X+ X0 2y)i YsiXi 'h(2yi X) - (27)
i=1
The rst term inside the summation corresponds to the gains from trade between high- and low-
valuation agerts, achieved through short-sales. The extent of short-salesis given by the measure
1 ni of low-valuation non-seartiers. The last two terms correspond to inetciencies arising because
someaverage-aluation agerts hold positions that are no longer optimal. These agerts are either
sellerssi seekingto unwind a long position, or buyers bi seekingto unwind a short position.

- . P
When seard frictions are small, the measure! 5; cornvergesto zero, while i2:1 1 hi cornvergesto

the measureF =- of low-valuation agerts. Therefore, welfare dependson the equilibrium allocation
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P . , " :
only through the measure i2:1 1 of buyers seekingto unwind short positions. In the asymmetric

equilibrium thesebuyers can trade faster becauseassetl has more sellersthan either assetin the

symmetric equilibrium. Therefore, i2:1 1 is lower and sccial welfare higher.

5 Extensions

5.1 Di®erent Supplies

In this section we considerthe casewhere assetsuppliesdi®er. Without lossof generality, we take
assetl to bein larger supply, i.e., S; > Sp.

Prop osition 7 AssumeEquation (4). As, and° become large:

() An equilibrium where low-valuation agentsshort-sel both assetsexists for a set of values of

S1i S, that convergesto f 0g.
(i) An equilibrium where short-seling is concentrated on assetl existsfor all valuesof S1j S».

(i) An equilibrium where short-seling is concentrated on asset 2 exists for a set of values of

S1i Sy that convemgesto [0; S] with 8> 0.

(iv) Sccial welfare is higher when short-seling is concentrated on assetl rather than asset2.

Proposition 7 shaws that assetsupply is a powerful device in selectingamong the equilibria
of Section 4. For small seard frictions, the symmetric equilibrium becomesknife-edge, existing
only when assetsuppliesare very close. The intuition is the assetin larger supply (assetl) hasa
larger seller pool becauseit has a larger pool of lenderswho can revert to averagevaluation. This
makes it more attractiv e to short-sellersbecausethey can unwind a position more easily When
seard frictions are small, short-sellerscan a®ordto wait for assetl in the repo market, declining
to borrow asset2, and this eliminates the symmetric equilibrium.

The asymmetric equilibria are not knife-edge. In particular, short-selling can be concerirated
on the smaller-supply asset2 even when supplies are not very close. Intuitiv ely, while asset2 has
a smaller pool of lenderswho can revert to averagevaluation, it can have a larger overall seller

pool becauseof the short-sellers. This makes it more attractiv e to short-sell and reinforces the
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equilibrium. Of course, short-sellerscan compensatefor the di®erencein suppliesonly when this
di®erenceis not too large. Otherwise, short-selling can only be concerrrated on assetl. Asset1's
seller pool in this equilibrium is larger than asset2's in the equilibrium where asset?2 attracts the
short-sellers. Thus, when short-selling is concerirated on assetl, short-sellers can unwind their
positions more easily and social welfare is higher.

Proposition 7 can reconcileour theory basedon multiple equilibria with the empirical fact that
liquidit y in the US Treasury market concerirates in the just-issuedbond. Indeed, a commonly-held
view is that a bond's e®ective supply decreasesver time asthe bond becomes\io cked away" in
the portfolios of long-horizon investors (see Amihud and Mendelson[1991]). Our theory does not
capture this e®ectbecauseit focuseson steady-states and assumesequal horizons for all high-
valuation investors. It suggests,however, that becauseo®-the-run bonds are in smaller e®ective
supply, they are lesslikely to attract short-sellersand for that reasonlessliquid.

5.2 Mark et Integration

We next relax the constraint that short-sellers can deliver only the assetthey borrowed. In the
Treasury market this could be achieved if on- and o®-the-run bonds are standardized in terms of
their maturity dates. For example, a two-year bond could be designedto mature on exactly the
samedate as a previously-issued v e-year bond. The two bonds could then be made \fungible,"

assignedthe same CUSIP number, and be identical for delivery purposes. Bennett et al. [2000]
proposespeci ¢ measuresto implemernt this outcome, arguing that it would enhancethe liquidit y

of the Treasury market.

When short-sellerscan deliver any asset,markets are e®ectiely integrated asif there is a single
assetin supply 2S. In Proposition 8 we comparethis outcome to the equilibria of Propositions 2
and 4.

Prop osition 8 Suppsethat there is a single assetin supply 2S. Then

() The assetprice is higher than in the symmetric equilibrium.

(i) The assetprice is higher than the price of asset2 in the asymmetric equilibrium. It can be

higher or lower than the price of assetl and the average price of the two assets.

(i) Scrial welfare is higher than in the symmetric and asymmetric equilibria.
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Under market integration, ead assethas more buyersthan in the symmetric and asymmetric
equilibria. Therefore, the liquidit y and bargaining discourts are smaller. The specialnesspremium
tends to be larger becausemarket integration increasesthe short-selling surplus (by facilitating
delivery), thus increasingthe feethat lenderscan extract. O®setting this e®ect,is that lenders of
assetl in the asymmetric equilibrium are in better position to bargain for the surplus becausethey
do not have to compete with lenders of asset2. This can generatethe surprising result that the
price under market integration can be lower than the averageprice in the asymmetric equilibrium.
Sccial welfare is always higher, however, becauseshort-sellerscan deliver more easily.

An interesting implication of Proposition 8 is that while social welfare is always maximized
under market integration, governmert revenue can be maximized in the asymmetric equilibrium.
This suggeststhat in somecircumstances,a revenue-maximizing Treasury might have no incertive
to relax the constraint that short-sellerscan only deliver the assetthey borrowed.

6 Calibration

In this sectionwe perform a calibration exercise,and show that our model can generatesigni cant
price e®ectseven for short seard times. For the calibration we extend the model to more than
two assets. This provides a more accurate description of the US Treasury market, where there is
one on-the-run and multiple o®-the-run securities for eadh maturity range. With multiple assets
there is again an equilibrium where short-sellersconcernrate in one asset,e.g.,assetl. To compute
this equilibrium for the purpose of calibration, we do not rely on the asymptotic closed-form
solutions of Section 4. Instead, we use a simple numerical algorithm that solvesthe exact system
of equations and cheds that arbitrage is unpro table. Table 1 lists our chosen values for the

exogenougparameters,and Tables2 and 3 list the calibration results.

We set the number of assetsto | = 20, consistert with the fact that on-the-run bonds accourt
for about 5% of the Treasury market capitalization (Dupont and Sadk [1999]). We assumethat all
assetsarein identical supply S. We normalize the total supply | S to one,without lossof generality:
Equations (7)-(11) and (B.3)-(B.7) show that if (S;F;F;1=; 1=°) are scaledby the samefactor,
the meeting intensities of ead investortype stay the same,and therefore prices and utilities do not

change.

As in the caseof two assets,we assumethat demand exceedssupply, i.e., F="> IS+ F=-,

We select (F; F) to make this an approximate equality; otherwise for small frictions, seart times

27



for sellerswould be much shorter than for buyers. We usethe seconddegreeof freedomin (F;F)
to match the level of short-selling activity. Namely, in our calibration the amount of ongoing

repo agreemets for assetl is about sewen times the asset'sissuesize (Table 2), which is within

reasonablerange 30

The expected investmert horizons 1=~ and 1=- are chosento match turnover. Sundaresan
[2002] and Strebulaev [2002] report that on-the-run bonds trade about ten times more than their
o®-the-run counterparts. Sincethe ertire stock of Treasury securitiesturns over in lessthan three
weeks (Dupont and Sadk [1999]), on-the-run bonds turn over in about two-thirds of a day, and
o®-the-runbondsin about 125days.3! In our model the turnover of o®-the-run bondsis generated
by high-valuation investors. Welet 1= = 0:5years,i.e., 125trading days, implying a turnover time
of about the same(Table 2). The turnover of on-the-run bondsis generatedmainly by short-sellers.
We let 1=- = 0:025years,i.e., about six trading days. Sud a short horizon could be reasonable
for dealersin corporate bonds or mortgage-badked securities who have transitory needsto hedge
inventory. For our chosenvalue of -, assetl turns over in 0.88 days, and its volume relative to
the aggregateof the other assetsis 7.5 (Table 2).32 This is lower than the actual value of ten,
but one could argue that short-selling is not the only factor driving the large relative volume of
on-the-run bonds. Furthermore, raising the relative volume by increasing - would strengthen our
results becausethe lending fee would increase.

The parameters, and °© are chosento generate short seartd times, as reported in Table 2.
Assuming ten trading hours per day,®® most seard times are in the order of a few hours or less,
signi cantly smallerthan the standard settlemert time. It takes12 minutesto sell the \on-the-run"
assetl and 2.7 hours to buy it. Each \o®-the-run" asseti 2 f2;::;1g can be sold in 2.8 hours and
bought in 2.2 days. The time to buy might seemlong, but is not unreasonablegiven that o®-the-
run bonds are often viewed as hard to locate. Furthermore, in our model all o®-the-run assets
are perfect substitutes for their buyers, who are the high-valuation agens. Therefore, a buyer's

e®ectie seard time doesnot exceed2:2=(1 i 1) = 0:11days. Finally, it takes42 minutesto borrow

%0For example, on February 2, 2005, primary dealers reported asset loans of about $2 trilion (New York Fed
website, www.ny.frb.org/markets/gsds/search.cfm ). Since the Treasury market is worth about $4 trillion, of
which 5% are on-the-run bonds, the amount of repo agreemers exceedsthe market value of on-the-run bonds by
about 2=(4 £ 5%) = 10. We select a number below ten to accourt for repo activit y in o®-the-run bonds. A higher
number would strengthen our results becausethe lending fee would increase.

31 Suppose,for example, that the averageTreasury security turns over in twelvetrading days. Sinceon-the-run bonds
accourt for about 5% of market capitalization and 10/11 of trading volume, they turn overin 5%£ 12=(10=11) = 0:66
days, while o®-the-run bonds turn over in 95%£ 12=(1=11) = 1254 days.

%2The six-day expected horizon of short-sellers is approximately equal to the turnover time of the assetsupply that
they generate (F=-). This supply is about sewen times the issuesize S, and turns over sewen times more slowly.

33US Treasury securities are traded round the clock in New York, London, and Tokyo. However, Fleming [1997]
reports that 94% of the trading takesplace in New York from 7:30amto 5:30pm.
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Table 1: Parameter Valuesusedin the Numerical Example.

Parameters Value
Number of assets I 20
Supply of eath asset S 0.05
Flow of high-valuation investors F 27
Flow of low-valuation investors F 136
Switching intensity of high-valuation investors ~ 2
Switching intensity of low-valuation investors - 40
Contact intensity in spot market L1
Contact intensity in repo market ° 75f£ 10¢
Bargaining power of a buyer A 05
Bargaining power of a lender po 05
Risklessrate r 4%
Dividend rate + 1
Hedging bene't of high-valuation investors X 04
Cost of risk bearing y 05

assetl in the repo market and 8.7 hours to lend it. The time to lend the on-the-run assetmight
seemlong but could be interpreted as an averageacrossassetowners, someof whom do not engage
in assetlending in practice.

The parametersA and p are setto 0.5sothat all agerts are symmetric. The risklessrate r is set
to 4%, consistent with Ibbotson [2004]'saverage T-bill rate of 3.8% during the period 1926-2002.
Given that prices and lending feesare linear in (£ X;Xx;Yy), we let £ = 1 and report relative prices
(e.g., ==p, w=p). The parametersx andy are selectedbasedon assets'risk premia, measuredby the
di®erencet=p | r betweenexpectedreturns and the risklessrate. We assumethat X < y, sothat
the Walrasian price (x+ X | y)=r incorporates a positive premium. We also assumethat y < +, so
that risk premia do not result in negative prices: the lowest possibleprice is (£j y)=r, the PV of the
average-waluation agerts' certainty equivalent. Our chosenvaluesof X and y generaterisk premia
of about 2-2.5%, which are within reasonablerange for government bonds. (For example, Ibbotson
[2004]reports that long-term Treasuriesreturned 1.9% per year above bills during the period 1926-
200234) To selectx, we note that Equation (5) suggeststhe restriction x - 4y X = 1:6, because
otherwise low-valuation agerts could prefer to short more than one share. Moreover, our numerical
calculations indicate that x must exceed0.97, so that the lending feeis large enoughto preclude
arbitrage. We therefore assume0:97 - x - 1.6, and report results for the two extreme values.

340f course, this is only suggestive sincein our model risk arisesbecauseof assetpayo®sand not interest rates.
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Table 2: Numerical Results: Seart Times and Turnover.

Variable Value
Averagetime to sell assetl 1=(,* p1) 0:02 days
Averagetime to buy assetl 1=(,* «1) 0:27 days
Averagetime to sell asseti 2 f2;::;19g 1=(,t ) 0:28 days
Averagetime to buy asseti 2 f2;::;1g 1=(,t &) 2:20 days
Averagetime to borrow assetl 1=, ) 0:07 days
Averagetime to lend assetl 1=(, bo) 0:87 days
Time to turn over stock of assetl S=(,* pts1) 0:88 days
Time to turn over stock of asseti 2 f2;::;1g S=(,* pbitsi) 12528 days
Volume of assetl vs. aggregateof assetsi 2 2;::;1g (! pets)=((1 i 1),r nilsi) 7:50
Repo agreemetts for assetl relative to issuesize 171=S 7:03

Table 3: Numerical Results: Prices and Lending Fees.

Variable x=097 x=16
Expectedreturn of assetl =p 6:48% 6:02%
Expectedreturn of asseti 2 f2;:;;1g #=p 6:52% 6:53%
Spread +=p i +=p 4bp 51bp
Lending fee W1=p, 3bp 35bp

Table 3 reports the prices and lending fees. When x is equal to its lowest value of 0.97, the
e®ectsare quite small: assets' expected returns di®er by 4bp, and specialnessis 3bp. When,
however, x is equal to its highest value of 1.6, the e®ectsare large and consistert with empirical
‘ndings. In particular, the 51bp di®erencen expectedreturns is consistert with Warga[1992],who
reports that on-the-run portfolios return 55bp below matched o®-the-run portfolios.®> Moreover,

the lending fee of 35bp is consistert with Duxe [1996],who reports a specialnessdi®erenceof 40bp

betweenon- and o®-the-run bonds 36

% Some studies 'nd smaller e®ects. For example, Goldreich et al. [2002] report that on-the-run bonds yield 1.5bp
below o®-the-run bonds, and Fleming [2003] reports 5.6bp. These papers, however, focus on bonds with a long time
to maturit y, for which the three-month convenienceyield of being on-the-run has only a small e®ecton the yield
to maturit y. Warga [1992] compares the returns of on- and o®-the-run bond portfolios rather than their yields to
maturit y. This isolates the on-the-run convenienceyield in exactly the same way as in this paper. Amihud and
Mendelson [1991] compare yields to maturit y, but can isolate the convenienceyield becausethey focus on securities
with very short times to maturit y. They nd that Treasury bills maturing in lessthan six months yield 38bp below
comparable Treasury notes.

% The expectedreturn spread+=p | +=p; in Table 3is greater than the lending feew;=p;. This suggestsan arbitrage
strategy of shorting $1 of asset1, paying the lending fee, and buying $1 of asset2. The payo®of this strategy is risky,
however, becausethe assetsare held in di®erert quantities. Adjusting for risk amounts to calculating the marginal
utilit y °ow (i y)=p i (i y)=pr i wi=p that an arbitrageur would derive, which turns out to be negative.
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The large price e®ectsare in spite of the short seart times. The transaction costsimplicit in
thesetimes are, in fact, very small. For example, the cost incurred by a high-valuation buyer is
not to receive the hedging bene t X while searding. With a seard time not exceeding0.11 days,
i.e., 0:11=250 of a year, the seard costis a fraction X £ (0:11=250)£ (1=6:53%)= 1:1£ 10 ° of the
price, i.e., 0.11 certs per $100transaction value. Likewise,the seart cost of a low-valuation agert
seekingto borrow assetl in the repo market is not to receive the hedging bene t x. When x is
equalto its highestvalue of 1.6, the costis a fraction x £ (0:07=250)£ (1=6:53%) = 2:9£ 10 ® of the
price, i.e., 0.29 cernts per $100transaction value. Sud costsare smaller than the averagebid-ask
spreadin the Treasury market, which is 1.1 cert (Dupont and Sadk [1999]). While this raisesthe
guestion of what drivesthe bid-ask spread, it also shaws that the large price e®ectsin our model

are driven by very small transaction costs3’

Small transaction costsimply that most of the return spreadis due to the specialnesgpremium.
Generalizing the decomgosition in Section 4, we can shov that when x = 1.6 the specialness
premium accouris for 99% of the spreadwhile the liquidit y premium for only 1%. Of course,this
doesnot meanthat liquidit y doesnot matter; it rather meansthat liquidit y can have large e®ects
through specialness.

7 Empirical Implications

A basic implication of our theory is that liquidity and specialnessare both generatedby short-
selling activity. Thus, on-the-run premia and specialnessshould be increasing in the extent of
short-selling (represeried by the short-seller °ow F), and be zeroin markets without short-sellers.
Furthermore, becauseshort-sellersconcertrate in the on-the-run bond, our theory implies that they
should accourt for a larger fraction of on-the-run trading volume, relative to o®-the-run.

Seweral empirical studies documert a systematic relationship betweenon-the-run premia, spe-
cialness,and short-selling activity. Jordan and Jordan [1997] provides a casestudy where short-
seller demand for a particular Treasury note generateda large price premium. Krishnamurthy
[2002] measuresshort-seller demand by the issuanceof corporate and agencybonds, arguing that
dealersshort Treasuriesto hedgetheir inventories. He nds that issuanceis positively related to
the on-the-run premium. Graveline and McBrady [2004]emphasizethe role of short-sellerdemand

using a conceptual framework very similar to ours. They construct seweral measuresof demand,

370ur model could generate larger transaction costs if agerts had to incur a monetary cost of seart (e.g., pay a
broker), in addition to not receiving hedging benets.
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attempting to get both at the hedging and the speculative componert. They nd that short-seller
demand is the strongest determinant of specialnessonce variation related to the auction cycle is

taken out. Moulton [2004]also nds evidencelinking short-selling demandto specialness.

Another determinant of on-the-run premia and specialnessis the supply of lendable securities.
Cornell and Shapiro [1989] and Jordan and Jordan [1997] provide casestudies where large price
premia were generatedby a short-squeezeor a large investor's unwillingness to lend, respectively.
Krishnamurthy [2002] nds that on-the-run premia are negatively related to issuesize,and Grav-
eline and McBrady [2004]and Moulton [2004] nd a negative relationship betweenissuesize and
specialness. On the other hand, a commonly held view is that on-the-run bonds are on special
more frequertly than o®-the-run bonds becauseof their larger e®ective supply. Our model can
reconcile these obsenations becauseit implies that the e®ectof issue size S; on specialnessis
non-monotonic. A decreasein S; initially increasesspecialnessthrough a scarcity e®ect: because
the assetbecomesharder to nd in the repo market, lendershave more bargaining power, and the
lending feeincreases.There is, however, a countervailing liquidit y e®ect: becausethe pool of sellers
becomessmaller, short-sellershave greater dixcult y buying bad the asset,and this tendsto reduce
the short-selling surplus and the lending fee. If S; becomessuzciently small relative to Sy, the
short-selling surplus becomesnegative, short-sellersconcerrate in the other asset,and specialness
drops to zero.

An additional determinant of on-the-run premia and specialnessis the investors' demand for
liquidity. Krishnamurthy [2002] measuresliquidit y demand by the spread between Commercial
Paper and T-Bills, and shownsthat it is positively related to the on-the-run premium. Graveline and
McBrady [2004]and Moulton [2004]show that seweral measuresof liquidit y demand are positively
related to specialness. In our model, demand for liquid assetscan be measuredby the expected
investmert horizon 1= of the agerts holding long positions. A decreasein horizon, holding the
total measureF =" of longs constart, tends to increasespecialnessbecauseof two e®ects. First,
becausdongscall their assetloans more frequertly, short-sellersreturn more frequertly to the repo
market and bid up the lending fee. Second,becauselongs turn more frequertly into sellers, the
seller pool is larger. Therefore, short-sellerscan buy back the assetmore easily and have a larger
surplus.

32



8 Conclusion

This paper proposesa searh-based theory of the on-the-run phenomenon. We take the view
that liquidit y and specialnessare not independert explanations of this phenomenon,but can be
explained simultaneously by short-selling activity. Short-sellersin our model can endogenously
concerrate in one of two identical assets,becauseof seard externalities and the constraint that

they must deliver the assetthey borrowed. That assetenjoys both greater liquidit y, measuredby

seard times, and a higher lending fee (\sp ecialness"). Moreover, liquidit y and specialnesgranslate

into price premia which are consistert with no-arbitrage. We derive closed-form solutions in the

realistic caseof small frictions, and shav that a calibration can generate e®ectsof the obsened
magnitude. Our model can shedlight on additional aspects of the on-the-run phenomenon,suc

asthe e®ectsof issuesize and market integration, and the apparert puzzle that o®-the-run bonds
are cheap yet \scarce."

While our analysisis motivated from the governmert-b ond market, somelessonscan be more
general. Perhapsthe main lessonconcernsthe law of one price - a fundamenal tenet of Finance.
We show that this law can be violated in a signi cant manner in a model where all agerts are
rational but the trading medanism is not Walrasian. Our seard-basedtrading medanism is of
coursean idealization, but it capturesthe bilateral nature of trading in over-the-courter markets.
Furthermore, the seard times that are neededto generatesigni cant price di®ererials are small,
in the order of a few hours. For suc times, it is unclear whether the seart framework is a
worsedescription of over-the-courter markets than a Walrasian auction, which assumesnultilateral
trading.
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A Walrasian Equilibrium

In this sectionwe prove Proposition 1. An agert maximizeshis intertemporal utilit y (2) subject to

the budget constraint

" # " #
X2 X2 q
dWi = rWei o+ (% rp)ze dt+ ¥z + %Y dBi+ Ye 1 ¥dZ

i=1 i=1

and the transversality condition

[im E [exp(i AW i T)] =0

where W; is the wealth, z; the number of sharesinvestedin asseti 2 f1,2g9, and A~ ra. The
agert's cortrols are the consumption ¢ 2 R and the investmens z1;z, 2 Z. Obviously, if p1 6 p,
the agert can acdiieve in nite utilit y by demanding an in nite amount of assets, contradicting
equilibrium. Thus, in equilibrium p; and p, must be equal. Denoting their common value by p,
and the aggregateinvestmert in the risky assetsby z* z; + z,, we canwrite the budget constraint
as

q
dWi = [rWyi ¢+ (2§ rp)z]dt+ [Yz; + %%]dBi + % 1 Y&dZ:

The agert's value function J(W¢;%) satis es the Hamilton-Jacobi-Bellman (HJB) equation

n 0
0= sup i exp(j ®&)+ DEAIJ(W; Wi “I(W;¥ ; (A.1)
(c;z)2REZ

where

. 1 £ o
DEAIW: Yy~ IJw(W;ATW | c+ (i rp)z]+ SIww (W %) Y27% + 2%z + Y

+-(MAPW;0)i J(W; %],

and where the transition intensity - (%} is equalto = for %= %; and -_for 2= % We guessthat

J(W; Y} takesthe form

#
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JWA =i Texp | AWV 2
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for somefunction V (¥. Replacinginto Equation (A.1), we nd that the optimal consumption is

— A23/‘g

o = W + V(A | 2

and the optimal investmert satis es
z(Y) 2 argmax,, ;fC(%2z) i rpzg” Z(%

for the incremenal certainty equivalent C(¥2z) introduced in Section 3. Plugging c¢(*4 bad into

Equation (A.1), we nd that Equation (A.1) is satis ed i®

1; e AVOi V)
A

O=ijrv®+ mzazxfC(l/zz) i rpzg+ - (YA (A.2)
z

Equation (A.2) implies that V(0) = max,fC(¥3z) i rpzg=r. Moreover, given V(0), the equations

for V(% and V (*} arein only oneunknown, and it is easyto ched that they have a unique solution.

We next determine the equilibrium value of p. Becauseead type2agert holds a position
z(¥) 2 Z(*), the average position zy, (¥ of these agerts is in the corvex hull of Z(%}. Market
clearing requires that z,,(0) = O becauseaverage-waluation agerts in in nite measure. It also

requiresthat

F F X
—zZm(B+ =zm(3 = Si (A.3)
- i=1
Becausethe function z! C(%3z) i rpzis strictly concave, the set Z(%} consistsof either one or
two elemeris. If there exists a z sud that
C(%2z)i rpz> maxfC(¥ez+ 1) rp(z+ 1);C(¥2zi 1)i rp(zi 1)g; (A.4)
then this z is unique and Z (¥} = fzg. Otherwise, there exists a unique z sudc that

C(%z)i rpz= C(¥%z+ 1)j rp(z+ 1); (A.5)

and Z(* = fz;z+ 1g. Using Equation (5) and the rst-order conditions (A.4) and (A.5), it is
easyto che that for p= (d+ X j y)=r, Z(¥3 = f0;1g, Z(*3 = fi 19, and Z(0) = f0g. Equation
(A.3) follows then from (4), implying that p = (x+ X | y)=r is an equilibrium price. It is the
unique equilibrium price becauseif p > (x+ X y)=r then no agert would choosez > 0, and if
p< (£+ X y)=r then high-valuation agerts would choosez ;, 1, while other agerts would choose

at leastasmuch asfor p= (x+ Xj y)=r. |

35



B Demographics

B.1 In°0 w-Out°0 w Equations

The in®ows and out°ows for eat agert type are as follows:

Lenders’i: The in°ow is the sum of 2 5! si becausesomehigh-valuation buyers meetsellers,and a
°ow f; from the high-valuation non-searders. The out°ow is the sum of ** -, becausesomelenders
switch to averagevaluation and becomesellers,and °;* po' ~; becausesomelenders meet borrowers

and becomehigh-valuation non-searders. Thus,

1515i+fi=71‘_i+0i1b_01“i: (B.1)

5

High-valuation non-searchersni: The in®ow is °;* po' 5 from the lenders. The out°ow is the sum
of f;, and ' 5 becausesome high-valuation non-searders revert to averagevaluation and either

becomesellers(®ow -t ;) or seizethe collateral and exit the market (ow ~(* nj + *1)). Thus,

0l pot < = fi+ 7 (B.2)

Selers si: The in°ow is the sum of ** <, from the lenders,and ** g from the high-valuation non-

searders. The out®ow is ;! it 5 becausesomesellersmeet buyers and exit the market. Thus,

1o 4t si = L pilsi: (B.3)

| 5

. . P
Borrowers ba The in°ow is the sum of F becauseof the new ertrants, and i2=1 “(tsi t thi)

becauseof the low-valuation sellers and non-seartiers who are called to deliver the asset. The
out°ow is the sumof - ! ,, becausesomeborrowersrevert to averagevaluation and exit the market,

P

and ., °'pot 5, becausesomeborrowers meet lendersand becomelow-valuation sellers. Thus,
X X
E+  “(s+ni)= oot  Citpots: (B.4)
i=1 i=1

Low-valuation sellers si: The in°ow is °j! ot <, from the borrowers. The out°ow is the sum of

i becausesomelow-valuation sellersare called to deliver the assetand becomeborrowers, - 1 g
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becausesome low-valuation sellersrevert to average valuation and exit the market, and ,* pi g

becausesomelow-valuation sellersmeet buyers and becomelow-valuation non-searters. Thus,

Oilpols = Tl + -1+ 1 ity (B.5)

Low-valuation non-searchers ni: The in®ow is ;! pit s from the low-valuation sellers. The out°ow
is the sum of = ,; becausesome low-valuation non-seartiers are called to deliver the assetand
becomeborrowers, and - ! ,; becausesomelow-valuation non-seartersrevert to averagevaluation

and becomebuyers. Thus,

Lpitsi="tni+ -1 (B.6)
Buyers bi: The inow is -1, from the high-valuation non-seartiers. The out°ow is the sum of
*t i becausesomebuyers are called to deliver the assetand exit the market, and ,* !5 because

somebuyers meet sellersand exit the market. Thus,

“tpi =t g+t gt (B.7)

We considerthe system formed by the accourting equations (7) and (8), the market-clearing
equations (9) and (10), and the in°ow-out°ow equations (11) and (B.3)-(B.7). The total number
of equationsis 18 (becausesomeare for ead asset),and the 18 unknowns are the measuresof the
14 agert typesand f1 ;1 5iGior 1.09- A SOlution to the systemsatis es Equations (B.1) and (B.2),

which is why we do not include them into the system. Indeed, adding Equations (B.5)-(B.7), and

using Equation (10), we nd

®itpat 5 = tsit itmi + L bt
Therefore, Equation (B.2) holds with
fi= st bptsi:

For this value of f;, Equation (B.1) becomes
1 = T1_ + (o]

Lopitsit lsi= s i bot i3

and is redundant becauseit can be derived by adding Equations (B.3) and (B.5).
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To solvethe system,wereduceit to asimpler onein the six unknowns? po, * 5, and f* pi;  5i Giof 1.29-

Adding Equations (B.5) and (B.6), we nd

L 41— itho'i, (B.8)
i ni - :
Plugging into equation (B.4), and using Equation (9), we nd
X2
—i=1
Equations (B.5) and (9) imply that
0.1 S 1 )
1= | b_o( | si/,
ST Ty 1, T, (B.10)
Equation (B.6) implies that
1 .1,.
Lpi = ’._i' __b' (B.11)
and Equation (B.7) implies that
T (B.12)
o T+ ’l si '
Combining these equationsto compute * ;, and using Equation (7), we nd
Lz igh ;,ibi°i1m(5i l_si) : (B.13)
T+ O+ )+ )
Noting that 1 + 15 = Sj !5, we canuseEquation (B.3) to compute ! 5:
S
ts = lel (B.14)
Adding Equations (B.10) and (B.14), and using Equation (8), we nd
S %' po(Si *si)
1. = 0o .
si v 1 bi+ TreE Iy (B.15)
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The new system consistsof Equations (11), (B.9), (B.13), and (B.15). Theseare six equations
(becausesomeare for ead asset), and the six unknowns are * o, * 5, and f1 i}t gigior 1.29. ONCE
this systemis solved, the other measurescan be computed as follows: * g from (B.10), *; from
(B.11), ' from (B.12), ' 5 from (B.14), '~ from (9), and ' 5 from (10).

To cover the casewhere seard frictions are small, we make the change of variables" =~ 1=,
n" °=,®"  °=°"° s, and°y " °!pe Under the new variables, Equations (11), (B.9),

5

(B.13), and (B.15) become

B X2
F = .+ s (B.16)
i=1
F o= 0= @S s (8.17)
—i=1
L hi®°po(Si " si)
1,. = 1_4 DO : B.18
bi b T+ )"+ )+ tp] (T + °s) ( )
S ®°po(Si "si)
.o L @%b : B.19
. T (ot )+ o
respectively.

B.2 Existence and Uniqueness

We next shaw that the system of Equations (B.16)-(B.19) has a unique symmetric solution when
® = ® = 1 (the \symmetric" case), and a unique solution when ® = 1 and ® = 0 (the

\asymmetric" case). Using Equation (B.18) to eliminate °y, in Equation (B.19), we nd

TS - (T OSi
°si = ..__+1bi+(1bii 15)( +_z£bi+ )1

Multiplying by 1y, and setting i = 1, we nd

Sty

° .1_
T im

sitp = + (Yppi 15)::('_+ + %s1): (B.20)

In the rest of the proof, we useEquations (B.16), (B.17), (B.18) fori 2 f1;2g, and (B.19) fori = 2,
to determine ! ; and ! 1,y asfunctions of °s; 2 (0; S="). We then plug thesefunctions into Equation

(B.20), and show that the resulting equation in the single unknown °s; has a unique solution.
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We rst solvefor ;. In the asymmetric case,Equation (B.18) implies that * , = 1, Equation

(B.19) implies that °s> = =S =("~ + ), and Equation (B.16) implies that

u 1
_ )
F='_15+ 15 °s1 t 7"'_"'15 . (B.21)

The RHS of Equation (B.21) is (strictly) increasingin *; 2 (0;1 ), is equalto zerofor ' = O,
and goesto 1 for *;! 1 . Therefore, Equation (B.21) has a unique solution * ;2 (0;1 ). This
solution is decreasingin °g; becausethe RHS is increasingin °g1. In the symmetric case,Equation

(B.16) implies that * ;= F=(~+ 2°51). This solution is again decreasingin °g;.
We next solve for 1 ;. Equation (B.17) implies that

F F

(<] — D — —
b_o—u

o L85 Tw) 5t @S e

where the secondstep follows becausein the symmetric case®s» = °s; and in the asymmetric case
®, = 0. Plugging into Equation (B.18), setting i = 1, and dividing by * ;, we nd

1 b, (Si " s)nE

T P+ )+ e+ s) [+ )+ n(@+ @S| “a)]

(B.22)

The RHS of Equation (B.22) is decreasingin 1y 2 (0;1 ), goesto 1 for 13 ! 0, and goesto
zerofor 1 ! 1 . Therefore, Equation (B.21) hasa unique solution 1 ; 2 (0;1 ). This solution is
decreasingin °s; becausethe RHS is decreasingin °s; and increasingin * ¢ (which is decreasingin

o

sl)-

We next substitute * ; and !y into Equation (B.20), and treat it as an equation in the single
unknown °s;. To show uniqueness,we will shaowv that the LHS is increasingin °s; and the RHS is
decreasing.In the symmetric case,the LHS is equal to

c>le
— )
-+ 2051

and is increasing. In the asymmetric case,Equation (B.21) implies that the LHS is equal to

S'p .

" 17
* b

‘sitp= Fi Tty
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and is increasing because! ; is decreasingin °s3. The rst term in the RHS is increasingin 1,
and thus decreasingin °s;. To show that the secondterm is also decreasing,we multiply Equation
(B.22) by *pa (" + -+ °s1):

Tp(+ =+ °s1)(Si " s1)nE

TP F )il )+ ) F A F ®)(Si P

Coi e+ 2+ °s1)

The RHS of this equation is decreasingin °s; becauseit is decreasingin °s1 and increasing in
111 (which is decreasingin °s1). Therefore, the secondterm in the RHS of Equation (B.20) is

decreasingin °g;.

To show existence,we note that for °s; = 0, the LHS of Equation (B.20) is equalto zero, while

the RHS is positive. Moreover, for °5; = S=", the LHS is equalto S* ;=", while the RHS is equal to

because! p; = * . Therefore, there exists a solution °s; 2 (0; S=").

B.3 Small Search Frictions

The caseof small seard frictions correspondsto small *. Thus, the solution in this caseis close
to that for " = O provided that continuity holds. Our proof so far covers the case" = 0, except
for existence. We next show that Equation (16) ensuresexistencefor " = 0. We also compute the

solution in closedform and show cortin uity.

To emphasizethat " = 0 is a limit case,we usem and g instead of * and °. Equations
(B.16)-(B.19) become

_ X2
F = Mg+  mgls; (B.23)
i=1
X2
F = ——— @S (B.24)
—i=1
'_®gboS
My = Mg+ — ; B.25
R N G (825
) ®gbos
o= 24 Do=. B.26
i Mp; Mp; ( )
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We rst solwe the system of (B.23)-(B.26) in the symmetric case(®; = ®, = 1), suppressingthe

assetsubscript becauseof symmetry. Equation (B.24) implies that

Obo = % (B.27)
Equation (B.26) implies that
Os = L%_E (B.28)
Mp
and Equation (B.23) implies that
mp= — fzgs: (B.29)

Substituting gyo, gs, and mg from Equations (B.27)-(B.29) into Equation (B.25), we nd that my
solvesthe equation

F F
= + — — .
TMp+ 27S+ TEF - 2mp+ 275+ —=F

1=

(B.30)

This equation has a positive solution becauseof Equation (16).

We next considerthe asymmetric case(®, = 1, ® = 0), and userh and § instead of m and g.

Equation (B.25) implies that iy, = g, Equation (B.26) implies that

g52 = — (831)

Equation (B.24) implies that

~—+ )F
Qoo = % (B.32)
Equation (B.26) implies that
S+ LE
= = B.33
Ge1 My (B.33)
and Equation (B.23) implies that
Fi-sS
My = : B.34
T T+ a (B.34)
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Substituting @po, 9s1, and i from Equations (B.32)-(B.34) into Equation (B.25), we nd

F

F
M= —i 25§ =; (B.35)

which is positive becauseof Equation (16).

To shaw cortinuity at " = 0, we write Equation (B.20) as

Sy

ﬂi (*ou i 15):_('_"' ~t+ %)= 0;

and denote by R(°s1;") the RHS (treating * ; and * ;; asfunctions of (°s1;")). Because' ;11 > 0
for (°s1;") = (Gs1;0) (symmetric case)and (°s1;") = (0s1;0) (asymmetric case),the functions * ;
and 1!y, arecortinuously di®erertiable around that point, and sois the function R(°s1;"). Moreover,
our uniguenessproof shaws that the derivative of R(°s1;") w.r.t. °s; is positive. Therefore, the
Implicit Function Theorem ensuresthat for small ", Equation (B.20) has a continuous solution

°s1("). Becauseof uniquenessthis solution coincideswith the onethat we have identi ed.

C Optimization

This appendix studies the stochastic cortrol problem faced by an individual investor with CARA
utilit y, in the seart equilibrium of Section4. We de ne the investor's problem, provide Hamilton-
Jacobi-Bellman (HJB) equations as well as an optimality veri cation argumert along the lines of
Dute, Garleanu and Pedersen[2004] and Wang [2004]. In the last part, we shawv that the non-
linear HIB equations admit a linear approximation when the coexcient of constart risk aversion

is closeto zero.

C.1 Investor's Problem

We x probability space(- ;F;P), aswell asa Ttration fF {;t, Og satisfying the usual conditions
(seeProtter [1990]). An investor (low-valuation, high-valuation, or arbitrageur) can be of either one
of nitely many typesthat we denoteby ¢ 2 T. The setT of typeis the product of feasibleporfolio
holdings and of income-dividend correlations. The arrival times of trading courterparties and of

changesof income-dividend correlations are counted by someadapted courting processN; 2 NX

with constart intensity © 2 RK. An investor with initial type ¢p and initial wealth Wq chooses
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a predictable T -valued type process¢; and an adapted consumption and wealth process(c;; Wy)
subject to the following feasibility conditions. First, the type ¢; must remain constart during the
inter-arrival times of the courting processN;. Second,when the investor is in state ¢ 2 T and
when the processN¢(k) jumps, the investor can chooseamong transitions ¢°2 Tq¢; k) u T. For
example, when a buyer b meetsa seller of asseti, he can either stay a buyer or make a transition

to the lender type "i. The investor's wealth processewlvesaccordingto the SDE

p X
dWy = Wy + m(éa) i o) dt+ %)% + Y8 dBy + P (& 5 é) dNe(K);
k=1
where B is someadapted standard Brownian motion and, for all (¢;¢9 2 T2, P(¢; &9 is the payo®
of making a transition from type ¢ to type ¢° For example,the payo®of making a transition from

type bto type i isP(I5 i) = j pi. In addition, the wealth processmust satisfy

11
o

Tl!ign Elexp(i Ti r®&wy)]

MZ f
E exp(j zZW;) dt
0

(C.1)

N
=

(C.2)

forall T, Oandz 2 fr®;2r®y. Theseconditions will be satis ed by our candidate optimal cortrol
and allow us to complete the standard optimality veri cation argumert. The investor problem is
to chooseadmissibletype, wealth, and consumption processesn order to maximize intertemporal
utilit y

. Z 1

i E exp(j ti ®c)dt :
0

C.2 Hamilton Jacobi Bellman Equations

We guessan optimal cortrol by seekinga value function J : R£ T ! R solving the following

system of Hamilton Jacobi Bellman equations (HJB)

Yo . ¢ Ya
0 = sup i expi®c(e) +DEOI(W;e)i “I(We) ; (C.3)
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for all ¢ 2 T, with respectto policy functionsc: T! Rand¢®: T£f1;:::;Kg! T, subject to
e k) 2 TY¢; k), and where

(C"O) f - f l . . ¢ 113 .\ 2 32¢ .
DY™e?J(W;¢) Jw(W;¢é) rWi c(¢) + m(e) + > )+ Y& Jww (W ¢)

X Ho ¢ 1
+ 0k W+ PGk Aek) 1 I(We) (C.4)
k=1
We guessthat there exists a solution of the form
H .= 2 Il
1 ri ~+ A23=2
IWi) =i Texp i AW+ V() + ——— =2, (C.5)

where A~ r®. Substituting our guessin (C.3) and maximizing with respect to consumption, we

nd that there exists a solution of the form (C.5) if an only if V 2 RT solves

i ¢
A X X 1j e A V(XekDi V(e P(aedek)
O=irV(e)+m(e)i =%e) + °(k max (C.6
i rV()+me)i 5%e) . ( )¢°(¢;k)2T 10 A (C.6)
for all ¢ 2 T. The consumption maximizing (C.3) given V (¢) is
ri — + A%¥%=2
(&)= W+ V()i —— =, (C.7)

C.3 Optimalit y Veri cation

In this sectionwe outline an optimality veri cation argumert that closelyfollows Dute, Garlearu
and Pedersen[2004]and Wang [2004]. Let's supposethat someV solvesthe system (C.6) and that
the maximum is achieved by somepolicy function ¢4 ¢; ¢). We verify that the investor's problem is
solved by the type process;” that is generatedrecursively by the policy function ¢ ¢; ¢), together

with the consumption and wealth processes

. oy . T+ AZ¥=2
¢ = Wk V(&) i —— ‘
b = A2a2 Il q_— X
dWe = V() + +AA B2 ) der )+ RBP4 AN

k=1
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The type processis feasible by construction. We only needto ched conditions (C.1) and (C.2).
Condition (C.2) holds because,for all z 2 R, the processexp(i zW;) is a Geometric Brown-
ian Motion, with state dependert and bounded drift, bounded volatilit y, and bounded jumps.
One chedks the transversality condition (C.1) by shawing that, for eadh T , 0, E [J(W{;¢7)] =

el 1 DTE [J(Wo; éo)], following exactly the samestepsasin Du+e, GAarleanu and Pedersen[2004].

Let's now considerany feasibletype, consumption and wealth processegé;; ¢; Wy). By Ito's Lemma

B Zy Zy .
e 'I(W;é) = J(Wo; ép) + . e '(DJj “J)dt+ ) gl tJ\N(Wt;@t)lo Y2(¢1) + YRdBy
X 1 - ¢ . ¢
+ . e " I(Wy + P(é&é)i J(Wy5é ) dNe(k) i °(k)dt :
k=1

The regularity condition (C.2) implies that the last two integral terms are martingales.3® On the
other hand, the HJB equationsimply that DJ j ~J - exp(j ®c;). Replacing this inequality into
the previous equation and taking expectations on both sides,we nd

Lt , h i
B exp(i ®c i t)dt +E € TI(Wri¢r) - I(Woi o) (C.8)

with an equality for (¢7; ¢; Wi?). Then, letting T goto in nit y in (C.8) and using the transversality
condition (C.1), we nd that the investor intertemporal utilit y is lessor equal than J(Wo; ¢p) with

an equality for (¢ ¢f; W), establishing optimalit y.

C.4 First-Order Appro ximation

Let's assumethat x(¢) ~ A¥{¢) doesnot depend on A. We study the family of HIB equations
indexed by A 2 R:

X Ui ¢ 1
0=irV()+m@)ix(@+ °(K)  max H A;V gk +P ¢elek) i V() ; (C9)
k=1 &AeK)2T X éik)
forall ¢ 2 T, whereH(x;y) " (1i e ®¥)=xif x > 0and H(0;y) = 0. Becausethe function H

P , o : . .
has power seriesexpansion ﬁzl(i 1)"(x"i tyM)=nl it isin nitely cortinuously di®ereriiable for all

% For the stochastic integral with respect to the Brownian motion, seeChapter 3 of Karatzas and Shreve [1991].
For the integral with respect to the compensated Poisson process,seeBr§maud [1981], Theorem 11-T8.
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(X;y) 2 R+ £ R. We rst show that the system (C.9) of HIB equation has a unique solution at

A = 0. To seewhy this is the caseone rewrite the systemas

N Mo i !
mg) i x(&) o (K) Ve +pladen’ ;o)

V() =
=F oK) T K o() ezt e

for all ¢ 2 T. Equation (C.10) de nes a mapping from RK to itself. The Blackwell suzcient
condition (Stokey and Lucas [1989] page 54) implies that this mapping is a contraction, with
modulus (° (1) +:::+°(K))=(r+°(1)+:::+°(K)) < 1. Therefore, an application of the Contraction
Mapping Theorem (Stokey and Lucas [1989] page 54) shows that the system (C.10) has a unique
solution that we denote V0. We let ¢°(¢; ¢) be a policy function achieving the maximum. Given
¢0(¢; ¢), VO solvesa systemof linear equationsthat is invertible (becauseit can also be viewed as

a cortraction). We show

Prop osition 9 (First-Order Appro ximation.) If, for all ¢ 2 T, ¢9(¢; ¢) is the unique max-
imizer of (C.10) given V9, then there exists a neightorhood N; p R. of zemw, a neightorhood

N> u RX of VO and an innitely continuously di®erentiable function A : N1 ! N> such that,

for all A 2 Ny, V is a solution of the system (C.9) of HIB equations if and only if V = A(A).

Moreover, for all A 2 Ny, for all ¢ 2 T, ¢2(¢; ¢) is the unique maximizer of (C.9) givenV = A(A).

We x ¢9(¢; ¢) and considerthe system of equations

X S ¢ ¢ L
G(&LAV) =i rV(e)+m(e)i x(e)+  °(H AV 2(ak) +P ¢ e%ak) i V(¢) =0 (C.11)

k=1
for all ¢ 2 T. The function G is is in nitely continuously di®ereniable and its Jacobian at
(A; V) = (0; VO isinvertible. Thereforean application of the Implicit Function Theorem (seeTaylor
and Mann [1983]) provides neighborhoods N1 2 R, and N> 2 R¥, and an innitely continuously
di®ereriable function A sud that, for all A 2 Ny, H(A; V) = 0if and only if V = A(A). Because
¢9(¢; ¢) is the unique maximizer of (C.10), we know that for all feasiblepolicy function ¢ ¢q¢; ¢) 6
¢0(¢; ¢) implies

M . 1

X ¢ i ¢
0> i rVO(e)+ m(e)i x(¢&)+  °(KH OVO ek + P eedek) i Vo) : (C.12)
k=1
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By continuity of H and A, thesestrict inequalities hold in someneighborhood N1 of zero. Therefore,

for all A 2 N1, V = A(A) is a solution of the system (C.9) of HIB equations, and ¢° achievesthe

maximum.

D Utilities and Prices

We start by deriving the equationsfor the types' utilities and the lending fee. To do so, we needto
expand the set of types, characterizing a high-valuation non-searter by the state of his borrower.
Depending on whether that agert is a seller si, non-searter ni, or buyer bi, we denote the high-
valuation non-searter by nsi, nni, and nbi, respectively. This ensuresthat transitions acrosstypes
are Markovian.

Lender 'i: The equation is
Vg =2+ Xi y+ (Vsii V5)+ %tpo(Vasii V5): (D.1)

|
The °ow bene t is the certainty equivalent C(¥2;1) = £+ X y of holding oneshare. The transitions
are (i) revert to averagevaluation at rate = and becomea sellersi, and (ii) meeta willing borrower
at rate °;1 ,, lend the asset,and becomeof type nsi.
High-valuation non-searcher nisi: The equation is
MVisi = £+ Xj Y+ Wi+ “(Vsii Visi)+ (V50 Vasi) + .1 0i(Vmi i Vasi): (D.2)
The °ow bene ts are the certainty equivalent C(¥2;1) of holding one share, and the lending fee w;.

The transitions are (i) revert to averagevaluation at rate = and becomea seller si, (ii) agert si

reverts to averagevaluation at rate - and returns the asset,in which caseagert nsi becomesa

lender 'i, and (i) agert si meetsa sellerat rate ! p;, in which caseagert nsi becomesof type nni.
High-valuation non-sercher nni: The equation is
Veni = 2+ X Y+ Wi+ (Ci i Vmi)+ (Vs i Vii): (D.3)

The °ow bene'ts are as for type nsi. The transitions are (i) revert to averagevaluation at rate —
and seizethe collateral Ci, and (ii) agert ni reverts to averagevaluation at rate -, in which case

agert nni becomesof type nhi.
High-valuation non-searcher nhi: The equation is
Vap = £+ Xi Y+ Wi+ “(Cii Vap) +.,* si(V5i Van): (D.4)
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The °ow bene ts are asfor type nsi. The transitions are (i) revert to averagevaluation at rate

and seizethe collateral C;, and (i) agert bi meetsa seller at rate ,* 5 and returns the asset,in

which caseagert nbi becomesa lender "i.
Seler si: The equation is
FVsi = £ y+ " pi(pii Vsi): (D.5)

The °ow bene t is the certainty equivalert C(0;1) = +j y of holding oneshare. The only transition

is to meet a buyer at rate ,* p;, sell at price p;, and exit the market.

Borrower ba The equation is

X2
Voo =i - Vbot °it<(Vsii Voo): (D.6)
i=1

The °ow bene ts are zero. The transitions are (i) revert to averagevaluation at rate - and exit

the market, and (ii) borrow asseti at rate °;*~; and becomea seller si.
Low-valuation seller si: The equation is
rVsi= i Wi+ (Vooi Vsi)i =Vsi+ . pi(Vai+Pii Vsi) (D.7)

The °ow bene't is paying the lending feew;. The transitions are (i) being asked to deliver (because
the high-valuation agen reverts to averagevaluation at rate —) and becomea borrower, (ii) revert
to averagevaluation at rate - and exit the market, and (iii) meet a buyer of asseti at rate |1 y;,

sell at price p;, and becomea low-valuation non-searter ni.
Low-valuation non-searcher ni: The equation is
FVoi =i £+ Xi ¥i Wi+ (Vaoi Cii Vni)* -(Voi Vai): (D.8)

The °ow bene ts are the certainty equivalent C(%j 1) = j £+ x i y of shorting one share, and
paying the lending feew;. The transitions are (i) being askedto deliver at rate =, losethe collateral

Ci, and becomea borrower, and (ii) revert to averagevaluation at rate - and becomea buyer hi.
Buyer bi: The equation is

Vi = i2i Vi Wit~ Cii Vu)+.%si(ipii Vo) (D.9)
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The °ow bene ts are the certainty equivalent C(0;j 1) = j £j y of shorting one share,and paying
the lending feew;. The transitions are (i) being asked to deliver at rate =, losethe collateral C;,

and exit the market, and (ii) meet a sellerat rate ,* , buy at price p;, and exit the market.
Price pi: Using Equation (14) and the de nitions of ¢ ; and ¢ 5, we nd
Veii pii Vg= AV i Vgi Vai): (D.10)

The LHS is equal to the trading surplus of the marginal buyer b, and the RHS is equal to the

overall surplus (marginal buyer plus marginal seller) times the bargaining power A,
Lending fee w;: The counterpart of Equation (D.10) is
Visii V5 = M(Vmsi + Vsii V50 Voo = H8i; (D.11)

becausethe trading surplus of alender i is Vmsii V5, andthe overall surplusis the sum of Vnsi i V5

plus the borrower surplus Vs; i Vpo.
Using Equations (12) and (D.1)-(D.11), we will compute the lending feew; and the price p; as

a function of the short-selling surplus §;. We will then derive a linear systemfor §1 and §».

D.1 Lending Fee

Subtracting Equation (D.1) from (D.2), we nd

(r+ 7+ -+ % p)(Vnsi i V5) = Wi + .2 5i(Vmi i Vhsi); (D.12)
subtracting Equation (D.2) from (D.3), we nd

(r+ =+ -+ 2 p)(Vmii Vmsi) = (Cii Vsi)+ - (Vmnii V5); (D.13)
and subtracting Equation (D.3) from (D.4), we nd

(r+ =+ )(Vapi i Vmi) = .* si(V5 0 Vimi): (D-14)

Equations (D.13) and (D.14) imply that

B N (S N | (e ).
r+ -+ . + 1 bi(CII VSI)+ (I’+-_+ -_)(r+-_+ -_+ >1 bl)

— 5

Vibi i Vasi = (Mmbi i V5):
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Adding Vnsi i V5 on both sidesand solving for Vi i V5, we nd

+ T+ . + T4+ 4+ 1 T —e s\ s
(r (r =+ y) (Cii Vsi) + Vi | V-

Vimii Vs =
T re T T L)+ Lg(rh ko L) T+ Ly > !

Substituting Vi i V- from this equation into (D.13), we nd

5

(r+=+)(r+7+ )+ g+ 4+ 1)

o+ P G)(Cii Ve) s (r T+ ) (Vs i V),

Substituting Vmi i Vmsi from this equationinto (D.12), and using Vrsi i V<, = U8; (i.e., Equation

(D.11)), we can determine the lending fee as a function of the short-selling surplus:

N U [ A AP D RS | CO Sl )
AT )T )+ gi(r T+ )

+0ilm “§I

— . ._,1 bi(r+'_+'_+ ,1 Si) Ci Vs) D.15
= W (r+'_+;)(r+'_+,1bi)+lsi(r+‘_+;+,1bi)(ll SI)- ( )

5

D.2 Price

Equation (D.5) implies that

. _Fiyirg,

Veii =S (0-16)

Subtracting rp; from both sidesof Equation (D.1), and using (D.11) and (D.16), we nd
1 i yirp’

Vs pi:r+-_ *+ X Vi "pi+°i1bou§i+7% : (D.17)

Substituting (D.16) and (D.17) into (D.10), we nd
o Li Ar+*u) £ . -~ A
i Vi rpi+r+-_+(1i Nig X+ %lpok8ij (r+ )V =0 (D.18)

Substituting dj yi rpi from Equation (D.18) into (D.17), we nd

AX+ O pol§i) + (1j A)(r+ =+ 2 bi)VE:

Ve iopi= 4
L P rr+ (L Ay
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Substituting Vs i p; from this equation into (12) and solving for Vi, we nd

,P2 1s. _
voo A in ey (X % a8,
B_ 7” ,Pz )15, b
+5) I+ A Ja AT,

Substituting V;; from this equation into (D.18), we can determine the price as a function of the

short-selling surplus:

2 p 3
B A 2 S
iy, @i A+ 4 A a1 e Ay KT % eokS)
b= +r[r+-—+(1'A)1b-] X+ %t polSi 1 APZ i :
il AR EEC AT,
(D.19)
D.3 Short-Selling Surplus
Adding Equations (D.2) and (D.7), and subtracting Equations (D.6) and (D.1), we nd
X2
(r+ =+ -+ % pa)8i+ %1510 W8 =" pi(Vmi+ Vai + Pii Visii Vsi): (D.20)
i=1

Adding Equations (D.3), (D.8), and rp; = rp;, and subtracting Equations (D.2) and (D.7), we nd
(r+"+ -+ ) (Vani+ Vai+ Pii Visii Vsi) = rpii £ Xi y+-(pii Vsi)+ _(Vani+ Vit pii V5): (D.21)
Adding Equations (D.4), (D.9), and rp; = rp;, and subtracting Equation (D.1), we nd

(r+ =+ 1) (Mo + Vot Pii V5)=rpii 2i y+=(pii Vsi)i °*noM8i: (D.22)

Substituting Vap + Vi + pi i V5 from Equation (D.22) into (D.21), and then substituting Vmj +
Vhi + Pii Vmsii Vsi from Equation (D.21) into (D.20), we nd

Lo T X
r+,—+_+041 1+ i — L4 0.1 _ 1 .
R e (T S B B
_ 31 bi . +r+-_+'_+,1 Si s + (D ; V ’. D23
T rrmr e ag X e g [rpii i y+=(pii Vsi)] - (D.23)
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To derive an equation involving only 81 and §,, we needto eliminate the price p;. We have

rpii i y+-(pii Vs)

s PP Ity

S TyTIRD vy r+ .1 pi
A 2 APZ s Y+ 0.1 .3
_ i2y+(11 A+ =+ bi)47+oilb0u§ii j=1 W(X j @u§1)5;
r+=+ @i A" b = 1+ A 2 -

j
I=1 47+ (1 A

where the rst step follows from Equation (D.16) and the secondfrom (D.19). Plugging back into

Equation (D.23), we can write it as

X2 X2
a8+ figj+hb g8 =g (D.24)
=1 j=1
where
aj = r+=+-+°1,1 rH-+. . At + ) i+ 7+ -+ 1) L
| B e (G e NI
fi=2%<@i Ww;
b = Qi AL pi(r+ 7+ -+ 1) (r++ 1) :
(r+7+ -+ 1)+ +2g)[r+ 7+, (1i A wl
g = A% ol .'5+T+(lliA)’1 . '
= z 2 ’1 si L)
WA fam=mA,
2 2 33
c = b obi Ay r+-+.+ si42y. (Li A(r+7+.1p) o X 55 .
T e+ @ Al 14 A 2 - '

The short-selling surpluses8; and §, are the solution to the linear system consisting of Equation

(D.24) fori 2 f1;2g.

Note that the collateral C; does not ernter in Equation (D.24), and thus does not a®ectthe
short-selling surplus. It also does not a®ectthe price, from Equation (D.19). It a®ectsonly the
lending fee becausewhen lenders can seizemore collateral they accept a lower fee. From now on

(and as stated in Footnote 19), we set the collateral equal to the utilit y of a sellersi, i.e.,

Ci = Vgi: (D.25)
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E Search Equilibrium

In this sectionwe prove Propositions 2-8.

Pro of of Prop osition 2: From Appendix B we know that given the short-selling decisions®; =
°, = © the types' measuresare uniquely determined. From Appendix D we know that given
any short-selling decisionsand types' measures,the utilities, prices, and lending feesare uniquely
determined. Therefore, what is left to show is (i) the short-selling surplus 81 = 8§ is positive, (ii)
buyers' and sellers' resenation values are ordered as in Equation (13), and (iii) agers' portfolio
decisionsare optimal. To show theseresults, we recall from Appendix B that when seard frictions

becomesmall, i.e.,, goesto 1 holdingn” °=, constart, ! corvergesto my, !~ corvergesto S,

5

1 & corvergesto gs, and °1 , cornvergesto gy

5

We start by computing 8;, w;j, and p;, thus proving Proposition 3. Equation (D.24) implies
that when 81 =8,  §,

c

8= av 20 + by’

where we suppressthe assetsubscriptsfrom a;b;c;f ; g becauseof symmetry. When seard frictions
becomesmall, a and b corvergeto positive limits, ¢ corvergesto

. r+-—+ - + Os Lo,
X ﬁ(z)ﬂ X), (E.1)

g corvergesto zero,and f cornvergesto 1 , being asymptotically equalto °S(1i W). Therefore, the

surplus corvergesto zero, and its asymptotic behavior is asin Proposition 3.

Equations (D.15) and (D.25) imply that the lending feeis

. (I’+T)(I‘+T+-_+’1 si)"',1 si('_"',1 bi)
T ) )+ Ei(r T+ T y)

wi= r+- -+

4+ 0 i 1 bo u§ i
Becausethe term in brackets corvergesto

r++.——= 4 gy
Tr+ T4 -+ Qs Gbo

the lending fee corvergesto zero, and its asymptotic behavior is asin Proposition 3.
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Equation (D.19) implies that the price is equal to

tiy 1 Ar+ — c 2AgsX ’
= + -1 5 4+ o(l= + B 4 o1z
b r r Li 1i Amy O1=.) X+ GholSi i (1i A.mp o(1=.)

Using this equation and the fact that §; is in order 1=_, it is easyto ched that the asymptotic

behavior (i.e., order 1=,) of the price is asin Proposition 3.

To shawv that §; is positive, we needto show that Equation (E.1) is positive. This follows
becauseEquation (17) implies that

Syt = @y X)>yi Ry =2y = =T S0u g €2
X> 2y m()ﬂx) yi X W(YIX)—W(YIX}(-)

We next show that resenation values are ordered as in Equation (13), i.e.,, ¢ > ¢ and

¢ > ¢g. For this, we needto compute V; and Vi i Vsi. Adding Equations (D.9) and rp; = rp;,
and using Equation (D.25), we nd
Ca P Y Wit (P Vi),
Vo + pi = frT 1y ; (E.3)
Adding Equations (D.8) and rp; = rp;, and subtracting Equation (D.7), we similarly nd
Vot g Voo P EFXT Y (Mt p)+(pii Vsi), Ea
ni Pii si — r+'_+'_+,1bi . ()
Inequality ¢ ; > ¢ is equivalent to
iVbii P>Vsipii Vg
t+yqorpi+ Wi (P Vi) A
, rr T+ g >1iA(pI|VSI)
T+ Y rpit Wi '*7?{11;}/ S A rpii t+y (E.5)
' r++=+ 1 1i A r+ 1y '

wherethe secondstep follows from Equations (D.10) and (E.3), and the third from Equation (D.16).
Becauserp; convergesto ++ X y, and w; corvergesto zero, the LHS of Equation (E.5) corverges

to (2y i X)=(r + ~ + gs), which is positive from Equation (17), while the RHS corvergesto zero.
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Inequality ¢ 5 > ¢ g is equivalert to

Vhi+ Pii Vsi>pii Vs

X+ S rpi iy (P Ve W S Pty

S|

r+ =+ -+ 1y r+.% b

where the secondstep follows from Equations (D.16), (E.3), and (E.4). When seart frictions
becomesmall, this inequality holds if the limit of the numerator in the LHS exceedghat forssthe
RHS, i.e.,

N B S ¢ Lo\ - o
X i - (2yi X) > x:

This holds becauseof the rst inequality in Equation (E.2).

We nally show that portfolio decisionsare optimal. The °ow bene t that an average-aluation
agert canderivefrom along position in asseti is boundedabove by +j y+ w;, and the °ow bene't for
a short position is boundedabove by | +j y. Therefore, an average-waluation agert nds it optimal
to establish no position, or to unwind a previously establishedone, if (xi y+ w;)=r < minfp;; Cig
and (£ + y)=r > p;. These conditions are satis ed for small frictions becausep; cornvergesto

(x+ Xi y)=r, w; corvergesto zero,C; j p; corvergesto zero,and 2y > X.

A high-valuation agert nds it optimal to buy asseti if V5 i pii Vg, 0. This condition is
satis ed because

A pi *+y A x

_ . 0:
i Ar+ 1y 1i Aty

A
Vi pii V= m(pi i Vsi) =

The agert then nds it optimal to lend the assetbecauseVrsi j V5 = U8 > 0. Likewise,a low-
valuation agert nds it optimal to borrow asseti becauseVsi j Vo= (1 W8 > 0, and to sellit
becauseVhi + pii Vsi=pii ¢si>pii ¢si=pii Vsi > 0. Finally, an arbitrage portfolio is not

pro table becausethe two assetstrade at the sameprice and carry the samelending fee. |
Pro of of Prop osition 3: Seethe proof of Proposition 2. [

Pro of of Prop osition 4: We needto show that (i) the short-selling surplus § 1 is positive and
8, is negative, (i) buyers' and sellers'resenation valuesare ordered asin Equation (13), and (iii)

agerts' portfolio decisionsare optimal. We recall from Appendix B that for small seard frictions
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and given the short-selling decisions®; = © and °, = 0, 1 ; convergesto my;, 1~

. cornvergesto S,

I si convergesto s, and °! p, corvergesto Opo.

We start by computing 8 1, ws, p1, and p,, thus proving Proposition 5. Equation (D.24) implies

that when©®, = 0,

C1

81= ap+ fi+ blgl:

When seard frictions becomesmall, ¢; corvergesto

r+=+-+0q

X i
Al r+'_+gsl

yi x); (E.6)
and the dominant term in the denominator is f; » °S(1j p). Therefore, the surplus convergesto
zero, and its asymptotic behavior is asin Proposition 5. To determine the asymptotic behavior of
the lending fee and the price, we proceedas in the proof of Proposition 2.

To show that 81 is positive, we needto show that Equation (E.6) is positive. This follows from
Equation (E.2) and the fact that @s1 > gs, establishedin the proof of Proposition 6. To show that

8§, is negative, we note that from Equation (D.24),

) . _fitbo
§,= C2i (f1+ bpg)81 _ 20 FefiehgCt.
az ap .

When seard frictions becomesmall, the numerator corvergesto the samelimit asc, j ¢;. This
limit is equal to

r+ =+ - +01 . r+-+-+0°

r""_"'gsl I f""_"'gsz (2yi 7);

and is negative if §s1 > @s2. Using Equations (B.31) and (B.33), we can write this inequality as

S+ F -
M1 Mg
Equations (B.33)-(B.35) imply that
Fi~s
My = = M1 E.8
b = S + F bl ( )
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Using this equation, we can write Equation (E.7) as

F.

. +
S Fi-s
It is easyto ched that this inequality holds becauseof Equation (16).

Toshow that ¢ > ¢ and ¢ 5 > ¢4, we proceedasin the proof of Proposition 2. The only

changeis that the condition for ¢ 5 > ¢ g now is

[+ o+ 0

X i
= r+-+0s

This inequality is implied by the rst inequality in Equation (E.2) and the fact that §s; > gs.

The argumerts in the proof of Proposition 2 establish portfolio optimalit y for all agerts except
the arbitrageurs. Arbitrageurs could attempt to exploit the price di®erertial in the asymmetric
equilibrium by buying one assetand shorting the other. We next show that buying asset2 and
shorting asset1 is unpro table under

X
+ :
,Mp r(°S+ | )

w
PLi p2< T+ (E.9)
(which is implied by (25)), while buying assetl and shorting asset?2 is unpro table under (26).

We then show that Equations (25) and (26) are satis ed if °=, isin an interval (ny;ny).
Buy asset2, short asset1

Becausetrading opportunities arrive oneat atime, an arbitrageur cannot set up the two legsof
the position simultaneously. The arbitrageur can, for example, buy asset2 rst, then borrow asset
1, and then sell assetl. Alternativ ely, he can borrow assetl rst, then buy asset2, and then sell
assetl. The nal possibility, which is to sell assetl before buying asset?2 is suboptimal. Indeed,
for small seard frictions the time to meet a buyer corvergesto zerowhile the time to meeta seller
does not. Therefore, the cost of being unhedged corvergesto zero only when asset2 is bought
before asset1 is sold.

Suppose now that the arbitrage strategy is pro table. Becausethe payo® of the strategy is
decreasingin assetl's lending fee,there exists a feew; > w; for which the arbitrageur is indi®erert
betweenfollowing the strategy and holding no position. If for this feeit is optimal to initiate the
strategy by buying asset2, the arbitrageur can be in three possiblestates:
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(i) Long position in asset2. State n2 with utilit y V.
(i) Long position in asset2 and borrowed assetl. State s1n2 with utilit y Vsino.

(i) Long position in asset2 and short in assetl. State n1n2 with utilit y Vpin2.

The utilities are characterized by the following °ow-value equations:

'Vnz = %i y+ %< (Vsin2i Vh2) (E.10)
Vsing = i Yi Wi+ .2 pa(Vatn2+ P1i Vsin2) + “(Vn2i Vsin2) (E.11)
'Vatnz = i Wi+ “(Va2i C1i Vhin2): (E.12)

When in state n2, the arbitrageur receivesthe certainty equivalent C(0;1) = +j y of holding one
share, and can transit to state sln2 by borrowing assetl. When in state sln2, the arbitrageur
receivesti y, pays the lending feew, cantransit to state nln2 by selling assetl, and can transit
to state n2 if the lender calls for delivery. Finally, when in state nln2, the arbitrageur is fully
hedged, pays the lending fee, and can transit to state n2 if the lender calls for delivery. Solving
Equations (E.10)-(E.12), we nd

. )
' - S

MVh2 = % y"'m P 1b1[rpli t+y+(pri Ci)l :

The arbitrageur is indi®erert betweeninitiating the strategy and holding no position if V2 is equal

to p,. Using this condition, and substituting C; from Equations (D.16) and (D.25), we nd

1 + T4+ 0

- s b2 Car ) o, )
Wy = m(rpll tty)i f(rpzl i y):

For small seard frictions, this equation becomes

rx  (r+ )X
My '~ °S

W1 =r(pLi P2)i

B

and is inconsistert with Equation (E.9) sincew; < Wj.

Supposeinsteadthat it is optimal to initiate the strategy by borrowing assetl. The arbitrageur
then starts from a state s1, in which he hasborrowed asset1 but holds no position in asset2. The
utilit y V51 in this state is characterized by

rVsi = i Wi+ .2 so(Vstn2i P2i Vs1); (E.13)
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becausethe °ow bene't is to pay the lending fee, and the transition is to state s1n2 by buying
assetl. The utilit y in statessln2 and n1n2 is given by Equations (E.11) and (E.12), respectively.
The utilit y in state n2, howewer, is given by

Vo = #j y+° < (Vstn2i Vhn2) +.% w2(P2i Vn2) (E.14)

instead of (E.10). Indeed, sinceit it suboptimal to initiate the strategy by buying asset2, buying
that assetis dominated by holding no position. Therefore, if the arbitrageur "nds himself with a
long position in asset2, he prefersto unwind it upon meeting a seller. Equations (E.11), (E.12),
and (E.14) imply that

s RN AP + r £+ v+ C
W(_I y) WPZI W1 W[ P1i y+ (pri 1)]

r(r+ =+ + 0 )t w2
r+01‘_1+,1 b2

Vsin2 =

Plugging into Equation (E.13), and using Equations (D.16), (D.25), and the indi®erencecondition
which now is V51 = 0, we nd

1 . B
o 11b1(r|01| t+Y)i W(rPZI T+ Y)

1+

E
I

"(“‘ THO o+ )t b2
Josa(r+0te 4+t bz)

For small seard frictions, this equation becomes

. . IX_ . X

- r(pll p2)| Mpr | °5¥ Mo .

B r(nS+mb2)+ My !
+

1 0s2(NS+ rhyy)

S

and is inconsistert with Equation (E.9) sincew; < Wj.
Buy asset1, short asset2

We consider a \relaxed" problem where assetl can be bought instantly and asset2 can be
borrowed instantly at a lending fee of zero. Clearly, if the arbitrage strategy is unpro table in the
relaxed problem, it is also unpro table when more frictions are preser.

Supposethat the arbitrage strategy is pro table. Becausethe payo®of the strategy is increasing
in assetl's lending fee, there exists a feew; < w; for which the arbitrageur is indi®erert between
following the strategy and holding no position. When following the strategy, the arbitrageur is
always in a state where he holds asset1 and has borrowed asset2, becausethese can be done
instantly. If the arbitrageur has not sold asset2, he can be in four possiblestates:
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(i) Seekingto lend assetl. State “1s2 with utilit y V-145.
(i) Lent assetl to an agert sl. State ns1s2 with utilit y Vps1so.
(i) Lent assetlto an agert n1. State nn1s2 with utilit y Vpn 1s2.

(iv) Lent assetl to an agert bl. State nbls2 with utilit y Vpp1s2.

If the arbitrageur has sold asset2, he can be in the four corresponding states that we denote with
n2 instead of s2.

For brevity, we skip the eight °ow-value equations, but note that they have a simple solution.

To ead outcome concerningassetl ("1, nsl, nnl, nbl) and to ead outcome concerning asset2

(s2, n2), we can assaiate a separate utilit y that we denote by ¥. We can then write the utilit y

of a state (which is a \join t" outcome) as the sum of the two separateutilities. For example, the

utilit y V+152 is equal to {1 + Vsp. This decomposition is possiblebecausethe outcomesconcerning

eadt assetewlve independertly.

The utilities -1, Vns1, Yon1, and Uy are characterized by the °ow-value equations

r‘0‘1 = o1 @(Ongl i \71)
r\l)ngl = Wi+ ! bl(\/}nrll i Vhs1)
r\/>nrl1 = Wi+ ;(Onbl i Onrll)

Ot = Wi+t saa(Vri Vnpa):

and the utilities Vs,, V2 are characterized by

r\I)sZ
r\I>n2 = '_(\7521 Cai \7n2):

i y+ ! b2(\7n2+ P2 i \752)

In particular, the °ow benet | vy is the certainty equivalert from the long position in assetl,
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which is unhedgedwhen the arbitrageur seeksto sell asset2. Solving these equations, we nd

r'Veiggp = r\7\1+ r\752
3
°bo 1; Sl st . N N
_ %1y retppr+or+tsy . s0 b2 . —( - .
= oT T — Wi+ *j y+ —————[rpj x+y+-(p2i C2)] :
1; bo b1 = s r+ -+ 1p
| T+0Tpo T+ T pp I+ T+ 1 o 5

The arbitrageur is indi®erert between initiating the strategy and holding no position if V15, is

equalto p;. Using this condition, and substituting C; from Equations (D.16) and (D.25)
3

o1y 1 . 1
bo 1] s 1b1 o N 151 1
r+°%po rttlprt_r+tsq )
o1 : —— Wi=rprj 2+yj ———(pz2i £+Y):
1; bo PR o) R ¥ § r+ 1 b2
T T R e :

For small seard frictions, this equation becomes

Ob -
gf W1=r(pLi p2)+ .y
r+ LT+ +0e1 + g@ > b2

and is inconsistert with Equation (26) sincew; > Wj.
Equations (25) and (26) are jointly satis ed

The two equationsare jointly satis ed if

Obo Wy . Wy
o1 T <P1i P2< T
r+ ._r+;+gsl + gb—o

Substituting p; and p, from Equations (21) and (22), we can write this equation as

w B w w
A—t< 24 AZTl < Tl; (E.15)
where
Ay’ — gb_oSl <A’ gstO <1
r+ -+ —r+ 4 +0s1 gbO r+ ._r+;+gsl + g@

and

B - (Ar+7) 1 1°x
Li A ' my T
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Equation (E.15) is satis ed if

B W1 B

5

> > :
A1i A2 r 1 A

In this inequality, n erters only through the product ,w ;. Therefore, the inequality is satis ed for

someinterval n 2 (n1; ny). [
Pro of of Prop osition 5: Seethe proof of Proposition 4. |

Pro of of Prop osition 6: We rst show a small lemma.

Lemma 1 For A< 1, inequality (1 A)ry > my, is equivalent to

(1i 2A)(E i Arhy) > AF: (E.16)

Pro of: Since my, is the unique positive solution of Equation (B.30), whose RHS is decreasingin

mp, inequality (1 A)rhy > my is equivalert to

E F
1> —~ = + ~ = —
“(1i A+ 2S + “F  27(1j A + 2S + =F
F F
. 1> — . + = §
F+FEi Athyy F+E+ (1 2A) 1w
Ei Aty F

i
F+Ej Aty F+E+ (1j 2A)thy
where the secondstep follows from Equation (B.35). It is easyto ched that the last inequality

implies Equation (E.16). |

Result (i) : We needto show that m; > mp and 6s1 > gs. Since Equation (E.16) holds for A = 0,
Lemma 1 implies that ry; > my. Using Equations (B.28) and (B.33), we can write inequality

0s1 > Qs as

Using Lemma 1, we then needto shaow that
(1i 2A(Ei Arhy) < AF; (E.17)
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for
5-E
S+ +E

A=

Plugging for A, we can write Equation (E.17) as

“S(Ei Ahy) <

which holds becauseof Equation (16) and iy > 0

Result (i) : We needto show that rhp, < mp and @s2 < gs. Using Equations (E.8) and M, = g,
we can write inequality hy, < my as
Fis
! My < Mp:

Fi "S+E

Using Lemma 1, we then needto shov Equation (E.17) for

b

_ E :
Fi S+F’
Plugging for A, we can write Equation (E.17) as
Fi SjF ¢ _
fIFI S +Ej Ty <F;
Fi " S+FE
which holds becauserhy; > 0. Using Equations (B.28), (B.31), and (E.8), we can write inequality

0s2 < gs as

FiSs - ;_m o e
Fi *S+F S bt >

Using Lemma 1, we then needto show Equation (E.16) for

A= B ul- Tt Fi _Sﬂ.
Fi S+F ' 2. ==
Equation (16) implies that
; Eo Mo F A
A< ————— 1
Fi S+EFE 2. 2(Fi "S+ F)



BecauseA; My > 0, Equation (E.16) holds for A if it holds for A. The latter is easyto ched using
Equation (16).

Result (i) : Equations (20), (24), and 0s1 > gs, imply that the short-selling surplus §; in the
symmetric equilibrium is smaller than & in the asymmetric equilibrium. Since,in addition, Oy, >
Obo (from Equations (B.27) and (B.32)), Equations (19) and (23) imply that the lending feew; in

the symmetric equilibrium is smaller than w4 in the asymmetric equilibrium.

Result (iv) : For A= 0, the result follows from Equations (18), (21), M > Mp > Mk, Obo > Ghos
and the fact that the short-selling surplus §; in the symmetric equilibrium is smallerthan 8§ in the
asymmetric equilibrium. An example where the prices of both assetsare higher in the asymmetric

equilibrium isS= 05,F = 3,F=57,-=1,- =3, A= u= 05,r = 4%,+= 1,Xx= 0:4,x = 16,
y = 0:5, and any n.

Result (v): Sccial welfare is equalto the PV of the °ow bene ts derived by all agerts. By station-
arity, this is equivalernt to the °ow bene ts derived at a given point in time. Becauselending fees
are a transfer, they cancel,and we only needto considerthe certainty equivalents assaiated to the
long and short positions. Summing over agerts, we nd

T T )L + 1GCO D)+ £y COAT 1)+ 1501 D) (E.18)
i=1

becausdong positions are held by high-valuation agerts i and ni, and average-aluation agerts si,
while short positions are held by low-valuation agerts ni, and average-waluation agers bi. Using
Equations (9) and (10) to substitute for 5 and !y, and replacing the certainty equivalerts by

their values, we can write Equation (E.18) as

X £ o
S(E+Xj y)+h(X+Xxi 2y)i 'siXi 'h(2yi X) :
i=1

. . - P
When seard frictions becomesmall, 5 convergesto zero. To determine the limit of 2, * ni, we

use Equation (B.8), summing over assets:

The secondterm in the RHS corvergesto zero, while the rst term corvergesto 2gpoS=(* + -)

in the symmetric case,and 0po,S=(~ + -) in the asymmetric case. Equations (B.27) and (B.32)
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P
imply that in both casesthe limit is F=-. Therefore, the welfare comparison hingeson i2:1 Lhi-

Equation (B.12) implies that this cornvergesto F=(—+ gs) in the symmetric case,and F=(~ + (s1)

in the asymmetric case. Sinces1 > gs, welfare is higher in the asymmetric case. [

Pro of of Prop osition 7: Generalizing the analysis of Section B.3, we can show that a solution

for " = 0 exists, and is closeto that for small ". The limiting equationsare (B.23) and

X2
E = — ® GboSi; (E.19)
—i=1
- ® GooSi
T T O+ ) =20
Si ®0hoSi
i =t — E.21
Osi — Mo, ( )

where the supply S; now dependsonii.

Result (i) : We proceedby cortradiction, assumingthat for a given S; i S; > 0 there exists an
equilibrium where®; = °, = °, even when seard frictions corvergeto zero. Sincethe parameters
aj, b, ¢, and g in Equation (D.24) corvergeto nite limits, while f; corvergesto 1 , §; must
corvergeto zero,and f;§; to a nite limit. But then Equation (D.24) implies that the limits of ¢;
and c, must be the same. This, in turn, implies that gs; = gs2 ~ s, which from Equations (E.20)
and (E.21) meansthat

S + OboSi

- ® OpoSi
-t ==
Mg =+

is independert of i, a contradiction when assetsuppliesdi®er.

Result (i) : An equilibrium where®; = © and °, = O canexist if §1 > 0 and §, < 0. Condition
81 > 0 canbe ensuredby Equation (17). For small seard frictions, condition 8, < 0 is equivalert

to @s1 > Os2, as shown in the proof of Proposition 4. Using Equations (E.19) and (E.21), we can
write condition @s1 > §s2 as

St %E> S,

: E.22
mbl mB ( )
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When assetsuppliesdi®er, Equation (B.35) generalizesto

S F
mbl:l:. . —_—

and Equation (E.8) to

Fi~S
P T
Fi S2+F

Using Equation (E.24), we can write Equation (E.22) as

— 5

. .,
(S1i S) +

—=F (Fi 7Sy) > "SyF:

(E.23)

(E.24)

(E.25)

This equation holds for all valuesof S; , S, becauseEquation (4) impliesthat F | =S, > =Sy |

*So.

Result (i) : The existencecondition is now (E.25), but with S; and S, reversed. It doesnot hold,

for example, when

-+ . -+ .
(S2i S1)+ —=E <0, S1>S+ ——=F:

Result (iv) : When short-selling is concerrated on asset 1, social welfare is determined by *

which cornvergesto F=(* + §s1) from the proof of Proposition 6. Equations (E.19), (E.21), and

(E.23) imply that

S+ =F
P, = ;
i S E

0s1 =

1

(E.26)

Conversely when short-selling is concertrated on asset2, sccial welfareis determined by * 1, which

convergesto F=(~ + §s2). Moreover, s, is determined by Equation (E.26), but with S; and S,

reversed. Since S; > Sp, scocial welfare is higher when short-selling is concerrated on assetl. g

Pro of of Prop osition 8: With one assetin supply 2S, the limiting equations of Section B.3
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become

F = “my+ mgGs;
2.
2'_gb0S
mp = Mg+ = — ;
b+ ) (T + gs)
_ 25, 2uS.
% = Mp mp

Using m and g to denote their solution, we nd

F F
Mp = —i 25i — = MpL> Mp> My
2S + IiF
8 = > 0s1 > Os > Os2;
Mp
(—+ )E _ Ooo
Oo = T g T %eT

Proceedingas in the proof of Proposition 4, we can show that the assetprice is asymptotically

equal to

_x+Xjy. T X Ar+v+ &)X oS

P= r D mpr ' (@0 Amg T (E.27)
where

g2 X ez (2yi %)

°(1i w2s

Result (i) : We compareEquations (18) and (E.27), noting that my > my, 8Mp = 20sMp, Goo = oo

and that the surplus 8§ under integration exceedss; in the symmetric equilibrium becausegs > gs.

Result (i) : To show that p > py, we compare Equations (22) and (E.27), noting that my = iy >
My and gsMp = Gs1Mpr + Os2Me. An examplewherep > p1isS= 05,F = 3,F = 57,7 = 1,
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- =3, A= p=05r=4%,+=1,Xx= 04,x = 16,y = 05 and n = 0:2. An example where

p< (pL+ p2)=2is for the sameparameter valuesexceptA = 0.

Result (iii) : This is becausegs > 0s;. |
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